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,QGHSHQGHQW 6SDQQLQJ 7UHHV RQ 5HFXUVLYH &LUFXODQW *UDSKV
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∗ 7KLV ZRUN ZDV VXSSRUWHG E\ WKH 1DWLRQDO 6FLHQFH &RXQFLO� 5HSXEOLF RI &KLQD� XQGHU &RQWUDFW ���

�����+���������

$EVWUDFW

7ZR VSDQQLQJ WUHHV RI D JLYHQ JUDSK *

DUH VDLG WR EH LQGHSHQGHQW LI WKH\ DUH URRWHG DW

WKH VDPH YHUWH[ U DQG IRU HDFK YHUWH[ Y� Y≠U� WKH
WZR SDWKV IURP U WR Y� RQH SDWK LQ HDFK WUHH� DUH

LQWHUQDOO\ GLVMRLQW� $ VHW RI VSDQQLQJ WUHHV RI *

LV VDLG WR EH LQGHSHQGHQW LI WKH\ DUH SDLUZLVH

LQGHSHQGHQW� $ UHFXUVLYH FLUFXODQW JUDSK 5�1�G�

KDV 1 FGP YHUWLFHV� ZKHUH 1�F�G� DQG HYHU\

YHUWH[ Y LQ 5�1�G� LV DGMDFHQW WR YHUWLFHV

Y±GN�PRG 1�� ZKHUH N  �� �� �� ���� P−�� 6LQFH
5�FGP�G� FDQ EH UHFXUVLYHO\ SDUWLWLRQHG LQWR G

LQGXFHG VXEJUDSKV 5�FGP−��G�� WKLV IDPLO\ RI

FLUFXODQW JUDSKV LV QDPHG DV ³UHFXUVLYH´�

5�FGP�G� LV UHJXODU ZLWK GHJUHH δ� ZKHUH δ LV

�P−�� �P� �P�� RU �P��� GHSHQGLQJ RQ WKH

YDOXH RI SDUDPHWHUV F DQG G� ,Q WKLV SDSHU� ZH

VKDOO SURSRVH HIILFLHQW DOJRULWKPV WR FRQVWUXFW δ
LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW DQ\ YHUWH[

LQ D UHFXUVLYH FLUFXODQW JUDSK�

.H\ZRUGV� UHFXUVLYH FLUFXODQW JUDSKV�
LQGHSHQGHQW VSDQQLQJ WUHHV�

LQWHUQDOO\ GLVMRLQW SDWKV� IDXOW�

WROHUDQW EURDGFDVWLQJ�

�� ,QWURGXFWLRQ

,Q WKLV SDSHU� ZH GHDO ZLWK WKH

LQGHSHQGHQW VSDQQLQJ WUHHV RQ D VSHFLDO IDPLO\

RI LQWHUFRQQHFWLRQ QHWZRUN� FDOOHG UHFXUVLYH

FLUFXODQW JUDSKV� $ UHFXUVLYH FLUFXODQW JUDSK

5�1�G� KDV 1 FGP YHUWLFHV ODEHOHG IURP � WR

1−�� DQG HYHU\ YHUWH[ Y LQ 5�1�G� LV DGMDFHQW WR
YHUWLFHV >Y±GN@1 � ZKHUH 1�F�G� P!�� DQG N  ��

�� �� ���� P−�� 1RWLFH WKDW >X@F GHQRWHV X PRGXOR
F� 5HFXUVLYH FLUFXODQW JUDSKV DUH YHUWH[

V\PPHWULF� DQG WKXV UHJXODU >��@� :H GHQRWH E\

δ WKH GHJUHH RI YHUWLFHV LQ 5�FGP�G�� 7KHQ� δ LQ

FORVHG�IRUP LV VKRZQ EHORZ�
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
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δ

)RU H[DPSOH� )LJXUH � VKRZV WKH JUDSKV 5������

5������ 5������ DQG 5������� ZKLFK VWDQG IRU

GLVWLQFW FDVHV RI SDUDPHWHUV F DQG G�

5HFXUVLYH FLUFXODQW JUDSK 5�FGP�G� KDV D

UHFXUVLYH VWUXFWXUH VLQFH WKH JUDSK FDQ EH

SDUWLWLRQHG LQWR G LQGXFHG VXEJUDSKV

LVRPRUSKLF WR 5�FGP−��G�� )RU H[DPSOH� 5������

VKRZQ LQ )LJXUH ��F� FRQWDLQV WKUHH GLVMRLQW

FRSLHV RI 5������ 1RWLFH WKDW HDFK LQGXFHG

VXEJUDSK 5����� RI 5������ FRQWDLQV H[DFWO\

WKRVH YHUWLFHV KDYLQJ WKH VDPH UHPDLQGHU RI

GLYLVLRQ E\ �� ,Q )LJXUH ��F�� YHUWLFHV �� �� �� ��

�� DQG �� LQGXFH DQ 5����� VXEJUDSK RI 5�������

%HVLGHV� WKH EDVLF F\FOH RI D UHFXUVLYH FLUFXODQW

JUDSK LV WKH F\FOH WKDW FRQVLVWV RI DOO WKH HGJHV

QRW LQ WKH LQGXFHG VXEJUDSKV >�@� ,Q 5������� WKH

EDVLF F\FOH FRQWDLQV HGJHV ������ ������ ����

�������� ������ ZKLFK IRUP D +DPLOWRQLDQ F\FOH�

,Q ����� 3DUN DQG &KZD ILUVW SURSRVHG

UHFXUVLYH FLUFXODQW JUDSKV >��@� 7KLV IDPLO\ RI

JUDSKV LV LPSRUWDQW GXH WR LWV IOH[LELOLW\ DQG

H[WHQVLELOLW\� ,Q DGGLWLRQ� WKH\ DUH VXLWDEOH IRU

GHYHORSLQJ DOJRULWKPV >�� ��� ��� ��� ��� ��@�

1H[W� ZH LQWURGXFH WKH GHILQLWLRQ RI

LQGHSHQGHQW VSDQQLQJ WUHHV� &RQVLGHULQJ D

JUDSK * �9�(�� D WUHH 7 LV FDOOHG D VSDQQLQJ

WUHH RI * LI 7 LV D VXEJUDSK RI * DQG 7 FRQWDLQV

DOO YHUWLFHV LQ 9� 7ZR VSDQQLQJ WUHHV RI * DUH

VDLG WR EH LQGHSHQGHQW LI WKH\ DUH URRWHG DW WKH

VDPH YHUWH[� VD\ U� DQG IRU HDFK YHUWH[ Y ∈
9?^U`� WKH WZR SDWKV IURP U WR Y� RQH SDWK LQ
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)LJXUH �� ([DPSOHV RI UHFXUVLYH FLUFXODQW JUDSKV�
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7����� 7�����7����� 7����� 7�����

)LJXUH �� )LYH LQGHSHQGHQW VSDQQLQJ WUHHV RI 5������

HDFK WUHH� DUH LQWHUQDOO\ GLVMRLQW� $ VHW RI

VSDQQLQJ WUHHV RI D JUDSK LV VDLG WR EH

LQGHSHQGHQW LI WKH\ DUH SDLUZLVH LQGHSHQGHQW�

)LQGLQJ LQGHSHQGHQW VSDQQLQJ WUHHV RI D

JLYHQ JUDSK KDV DSSOLFDWLRQV LQ WKH IDXOW�

WROHUDQW EURDGFDVWLQJ SURWRFROV RI GLVWULEXWHG

FRPSXWLQJ QHWZRUNV >���������@� 7KH IDXOW�

WROHUDQFH LV DFKLHYHG E\ VHQGLQJ N FRSLHV RI WKH

PHVVDJH IURP WKH URRW �VRXUFH QRGH� RI N

LQGHSHQGHQW VSDQQLQJ WUHHV� ,I WKH VRXUFH QRGH

LV IDXOWOHVV� WKLV EURDGFDVWLQJ SURWRFRO FDQ

WROHUDWH XS WR N�� IDXOW\ QRGHV�

,Q >�@� ,WDL DQG 5RGHK JDYH D OLQHDU WLPH

DOJRULWKP IRU ILQGLQJ WZR LQGHSHQGHQW VSDQQLQJ

WUHHV LQ D ELFRQQHFWHG JUDSK� ,Q >�@� &KHUL\DQ

DQG 0DKHVKZDUL VKRZHG WKDW� IRU DQ\ ��

FRQQHFWHG JUDSK * DQG IRU DQ\ YHUWH[ U RI *�

WKUHH LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW U FDQ

EH IRXQG LQ 2�_9__(_� WLPH� ,Q >��@ DQG >�@� WKH

DXWKRUV FRQMHFWXUHG WKDW DQ\ N�FRQQHFWHG JUDSK

KDV N LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW DQ

DUELWUDU\ YHUWH[ U� 7KLV FRQMHFWXUH LV VWLOO RSHQ

IRU DUELWUDU\ N�FRQQHFWHG JUDSKV ZLWK N ! �� ,Q

>�@� +XFN KDV SURYHG WKDW WKH FRQMHFWXUH LV WUXH

IRU SODQDU JUDSKV�

,Q >��@� 7DQJ HW DO� VWXGLHG WKH

LQGHSHQGHQW VSDQQLQJ WUHHV RI N�FRQQHFWHG DQG

N�UHJXODU JUDSKV� 7KH\ IRXQG VHYHUDO FRPPRQ

SURSHUWLHV� ZKLFK DUH KHOSIXO IRU ILQGLQJ

LQGHSHQGHQW VSDQQLQJ WUHHV LQ WKHVH JUDSKV� /HW

* EH D N�FRQQHFWHG DQG N�UHJXODU JUDSK DQG OHW

,67 GHQRWH D VHW RI N LQGHSHQGHQW VSDQQLQJ WUHHV�

LI H[LVWV� URRWHG DW YHUWH[ U LQ *� 7KHQ� WKH

IROORZLQJ SURSHUWLHV PXVW KROG�

3URSHUW\ �� 7KH URRW YHUWH[ U KDV RQO\ RQH FKLOG

LQ HYHU\ WUHH RI WKH ,67�

3URSHUW\ �� 7KH URRW YHUWH[ U KDV N−�
JUDQGFKLOGUHQ LQ HYHU\ WUHH RI WKH ,67�

)RU H[DPSOH� DQ ,67 RI 5����� LV VKRZQ LQ

)LJXUH �� 6LQFH 5����� LV D ��FRQQHFWHG DQG ��

UHJXODU JUDSK� WKH ,67 FRQWDLQV ILYH

LQGHSHQGHQW VSDQQLQJ WUHHV URRWHG DW RQH YHUWH[�

7KH URRW YHUWH[ RI HYHU\ WUHH KDV RQH FKLOG DQG

IRXU JUDQGFKLOGUHQ� 7KURXJKRXW WKLV SDSHU� ZH

GHQRWH D WUHH LQ DQ ,67 RI 5�1�G� E\ 7�1�W��

ZKHUH W LV WKH RQO\ FKLOG RI WKH URRW�

7KH QHLJKERUKRRG RI YHUWH[ Y� GHQRWHG

E\ 1�Y�� LV WKH VHW RI YHUWLFHV DGMDFHQW WR Y LQ D

JUDSK� /HW SDUHQW�Y�W� GHQRWH WKH SDUHQW RI

YHUWH[ Y LQ WUHH 7�1�W� DQG OHW DQFHVWRU�Y�W�

GHQRWH WKH DQFHVWRU VHW RI D YHUWH[ Y LQ 7�1�W��

7KH IROORZLQJ SURSHUWLHV DOVR KROG LQ DQ ,67 RI

5�1�G��

3URSHUW\ �� )RU HYHU\ QRQ�URRW YHUWH[ Y� WKH

XQLRQ RI DOO SDUHQW�Y�W� LQ DQ ,67 LV WKH



QHLJKERU RI YHUWH[ Y�

3URSHUW\ �� )RU HYHU\ QRQ�URRW YHUWH[ Y� WKH

LQWHUVHFWLRQ RI DQFHVWRU�Y�L� DQG

DQFHVWRU�Y�M� LV WKH URRW YHUWH[� ZKHUH

7�1�L� DQG 7�1�M� DUH WZR GLVWLQFW WUHHV

LQ WKH ,67�

8VLQJ YHUWH[ � LQ WKH ,67 VKRZQ LQ )LJXUH � DV

DQ H[DPSOH� SDUHQW����� ∪ SDUHQW����� ∪
SDUHQW����� ∪ SDUHQW����� ∪ SDUHQW�����  

^���������`  1���� )RU DQ\ WZR WUHHV 7���L� DQG

7���M�� DQFHVWRU���L� ∩ DQFHVWRU���M�  ^�`� %\

WKH ZD\� 3URSHUW\ � FDQ EH XVHG WR YHULI\ WKH

LQGHSHQGHQF\ RI D VHW RI VSDQQLQJ WUHHV URRWHG

DW RQH YHUWH[�

$ FKRUGDO ULQJ� GHQRWHG E\ &�1�G�� LV D

��FRQQHFWHG DQG ��UHJXODU JUDSK ZLWK YHUWH[ VHW

9  ^����������1−�` DQG HGJH VHW (  ^�X�Y�_

>Y−X@1  � RU G`� ZKHUH � ≤ G � 1�� >���@�

&KRUGDO ULQJV KDYH FORVH UHODWLRQ WR UHFXUVLYH

FLUFXODQW JUDSKV� )RU H[DPSOH� 5����� DQG

5������ VKRZQ LQ )LJXUH � DUH ERWK FKRUGDO

ULQJV� ZKLOH 5����� DQG 5������ DUH QRW� 2Q WKH

RWKHU KDQG� &������ LV D UHFXUVLYH FLUFXODQW

JUDSK� ZKLOH &������ LV QRW� ,Q >�@� ,ZDVDNL HW DO�

SURSRVHG DQ DOJRULWKP WR ILQG DQ ,67 RI &�1�G��

7KHLU DOJRULWKP DOVR ZRUNV IRU UHFXUVLYH

FLUFXODQW JUDSKV ZLWK GHJUHH �� )XUWKHUPRUH�

OLNH FKRUGDO ULQJV� VRPH ,67¶V RI D UHFXUVLYH

FLUFXODQW JUDSK KDYH WKH IROORZLQJ SURSHUW\�

3URSHUW\ �� )RU DOO W ≤ 1��� 7�1�1−W� LV
FRQVWUXFWHG V\PPHWULFDOO\ IURP

7�1�W� E\ FKDQJLQJ HDFK QRQ�

URRW YHUWH[ Y WR >1−Y@1 �

)RU H[DPSOH� VHH )LJXUH � DJDLQ� 7����� LV

REWDLQHG IURP 7������ ZKLOH 7����� LV REWDLQHG

IURP 7����� XVLQJ WKH V\PPHWULFDO SURSHUW\ RI

5������ 3DUWLFXODUO\� 7����� LV V\PPHWULFDO WR

LWVHOI�

$V ZH PHQWLRQHG DW WKH EHJLQQLQJ RI WKLV

VHFWLRQ� UHFXUVLYH FLUFXODQW JUDSKV DUH δ�
FRQQHFWHG DQG δ�UHJXODU� EXW δ LV YDULHG

DFFRUGLQJ WR WKH YDOXH RI SDUDPHWHUV F� G DQG P�

,Q WKLV SDSHU� ZH VKDOO SURYH WKDW =HKDYL
V

FRQMHFWXUH LV WUXH IRU DOO UHFXUVLYH FLUFXODQW

JUDSKV� 7KDW LV� ZH VKDOO SURSRVH HIILFLHQW

DOJRULWKPV WR FRQVWUXFW δ LQGHSHQGHQW VSDQQLQJ

WUHHV URRWHG DW DQ\ YHUWH[ LQ D UHFXUVLYH

FLUFXODQW JUDSK� 6LQFH UHFXUVLYH FLUFXODQW JUDSKV

DUH YHUWH[�V\PPHWULF� :LWKRXW ORVV RI

JHQHUDOLW\� ZH VLPSO\ FRQVLGHU LQGHSHQGHQW

VSDQQLQJ WUHHV URRWHG DW YHUWH[ � RI D UHFXUVLYH

FLUFXODQW JUDSK�

7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG

DV IROORZV� ,Q 6HFWLRQ �� ZH VKDOO SURSRVH DQ

DOJRULWKP IRU FRQVWUXFWLQJ DQ ,67 RI 5��P���� ,Q

6HFWLRQ �� ZH VKDOO SURSRVH DQ DOJRULWKP IRU

FRQVWUXFWLQJ DQ ,67 RI 5�GP�G�� IRU DOO G ! ��

6HFWLRQ � FRQWDLQV RXU FRQFOXGLQJ UHPDUNV�
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)LJXUH �� �D� 7KH ,67 RI 5������ �E� DQ ,67 RI 5�������



�� &RQVWUXFWLQJ LQGHSHQGHQW

VSDQQLQJ WUHHV RQ 5��P� ��

,Q WKLV VHFWLRQ� UHFXUVLYH FLUFXODQW JUDSK

5��P��� LV WDNHQ LQWR FRQVLGHUDWLRQ� 5��P��� LV

��P−���FRQQHFWHG DQG ��P−���UHJXODU� ZKHUH

P≥�� ,Q FDVH RI P �� 5����� LV D ��FOLTXH� 7KH

,67 RI 5����� LV VKRZQ LQ )LJXUH ��D��

1RWH WKDW WKH GHJUHH RI HDFK YHUWH[ LQ

5��P��� LV WZR JUHDWHU WKDQ WKH GHJUHH RI HDFK

YHUWH[ LQ 5��P−����� 7KXV� DQ ,67 RI 5��P���

FRQWDLQV WZR PRUH VSDQQLQJ WUHHV WKDQ DQ ,67

RI 5��P−����� 7KH FRQVWUXFWLRQ DOJRULWKP

FRQVLVWV RI WKUHH VWHSV� )LUVW� ZH XVH D UHFXUVLYH

SURFHGXUH WR FRQVWUXFW 7��P��P−��� 7��P��P−��� ����

7��P���� DQG 7��P���� 1H[W� ZH FRQVWUXFW

7��P��P−�P−��� 7��P��P−�P−��� ���� 7��P��P−���
DQG 7��P��P−�� V\PPHWULFDOO\� )LQDOO\� ZH XVH D
ELW�FRPSDULQJ VFKHPH WR GHWHUPLQH WKH SDUHQW

RI HDFK YHUWH[ LQ 7��P��� DQG 7��P� �P−��� )RU
VRPH FRQIOLFWLQJ HGJHV DPRQJ WKHVH VSDQQLQJ

WUHHV� QHFHVVDU\ WUDQVIRUPDWLRQ LV SHUIRUPHG LQ

RUGHU WR KROG WKH LQGHSHQGHQW SURSHUW\� :H JLYH

WKH FRQVWUXFWLRQ DOJRULWKP RI DQ ,67 RI 5��P���

DV IROORZV�

$OJRULWKP ,67B5��P�

,QSXW� P�

2XWSXW� $Q ,67 RI 5��P����

0HWKRG�

6WHS �� ,I P  �� WKHQ UHWXUQ WKH ,67 RI 5������

HOVH FDOO ,67B5��P−��
HQGLI

6WHS �� � FRQVWUXFW 7��P��L�� ZKHUH L  ���� «� P−� �
)RU L  � WR P−� GR
6XEVWHS ��� �&UHDWH WKH RQO\ FKLOG RI WKH

URRW�

SDUHQW��L��L�  �

6XEVWHS ��� �&UHDWH �P−� JUDQGFKLOGUHQ�
)RU HDFK YHUWH[ Y LV D QHLJKERU RI YHUWH[ �L

DQG Y ≠ � GR

SDUHQW�Y� �L�  �L

HQGGR

6XEVWHS ��� �GHWHUPLQH WKH SDUHQWV�

)RU HDFK YHUWH[ Y LV QRW D QHLJKERU RI YHUWH[ �,

GR

,I Y LV HYHQ� WKHQ

OHW S  SDUHQW�Y����L−�� LQ ,67 RI 5��P−�����

SDUHQW�Y��L�  �S

HOVH �Y LV RGG�

LI Y � �L � WKHQ

OHW S  SDUHQW��Y�������L−�� LQ ,67

RI 5��P−�����

SDUHQW�Y��L�  �S−��
HOVH �Y ! �L�

OHW S  SDUHQW��Y−������L−�� LQ ,67

RI 5��P−�����

SDUHQW�Y��L�  �S��

HQGLI

HQGLI

HQGGR

HQGGR

6WHS �� �V\PPHWULFDOO\ FRQVWUXFW 7��P� �P−�L��
ZKHUH L  ���� «� P−��

)RU L  � WR P−� GR
)RU HYHU\ YHUWH[ Y LQ 7��P��L� DQG Y ≠ � GR

UHSODFH WKH ODEHO RI Y ZLWK �P−Y
HQGGR

HQGGR

6WHS �� �FRQVWUXFW 7��P��� DQG 7��P��P−���
6XEVWHS ��� �&UHDWH WKH RQO\ FKLOG RI WKH URRW�

SDUHQW�����  ��

SDUHQW��P−�� �P−��  ��
6XEVWHS ��� �FUHDWH �P−� JUDQGFKLOGUHQ RI WKH URRW�

)RU HDFK YHUWH[ Y LV D QHLJKERU RI YHUWH[ �

DQG Y ≠ � GR

SDUHQW�Y���  ��

SDUHQW��P−Y��P−��  �P−�
HQGGR

6XEVWHS ��� �GHWHUPLQH SDUHQW DQG GR WUDQVIRUPDWLRQ�

)RU HDFK YHUWH[ Y LV QRW D QHLJKERU RI YHUWH[ � GR

/HW YP−�YP−� ��� Y�Y� EH WKH P�ELW ELQDU\

VWULQJ RI YHUWH[ Y� DQG OHW YS EH WKH ULJKW�

PRVW GLIIHUHQW ELW EHWZHHQ YHUWLFHV Y

DQG �� :H VHW

SDUHQW�Y���  Y−�S �
SDUHQW��P−Y� �P−��  �P−Y��S

,I S ≠ � WKHQ ZH FDQ ILQG WKH WUDQVIRUPHG WUHH

7��P�[� ZKHUH SDUHQW�Y�[�  Y−�S� :H VHW

SDUHQW�Y�[�  Y−��
SDUHQW��P−Y� �P−[�  �P−Y��

HQGLI

HQGGR

(QG RI $OJRULWKP ,67B5�

:H XVH WKH ,67 VKRZQ LQ )LJXUH ��E� WR

LOOXVWUDWH $OJRULWKP ,67B5�� ,Q 6WHS �� 7�������

7������ DQG 7������ DUH GLUHFWO\ REWDLQHG IURP

7������ 7����� DQG 7����� �DV VKRZQ LQ )LJXUH ���

,Q 6WHS �� 7������� DQG 7������� DUH REWDLQHG

V\PPHWULFDOO\ IURP 7������ DQG 7�������

UHVSHFWLYHO\� ,Q 6WHS �� 7������ DQG 7������� DUH

FRQVWUXFWHG VLPXOWDQHRXVO\� %\ FRPSDULQJ WKH

ELQDU\ VWULQJ RI YHUWH[ Y ZLWK WKH ELQDU\ VWULQJ

RI YHUWH[ �� WKH SDUHQW RI HYHU\ YHUWH[ Y LQ

7������ LV GHWHUPLQHG� )RU H[DPSOH� WKH ELQDU\

VWULQJ RI YHUWH[ �� LV ����� WKH VHFRQG ELW �S ��

LV WKH ULJKW�PRVW GLIIHUHQW ELW EHWZHHQ ���� DQG

����� 7KXV� SDUHQW������  ��−��  ��

)XUWKHUPRUH� LI SDUHQW�Y��� ≠ � �Y LV QRW D

JUDQGFKLOG RI WKH URRW� DQG Y−SDUHQW�Y��� ! � �Y

LV QRW D OHDI RU HGJH �SDUHQW�Y��Y� LV QRW LQ WKH



EDVLF F\FOH RI 5�������� WKHUH PXVW EH D

FRQIOLFWLQJ HGJH LQ WUHH 7����[� LQ ZKLFK

SDUHQW�Y�[�  SDUHQW�Y���� 7KLV LV D YLRODWLRQ WR

ERWK 3URSHUWLHV � DQG �� 7KHUHIRUH� SDUHQW�Y�[�

VKRXOG EH FKDQJHG WR Y−�� )RU H[DPSOH�

SDUHQW������  � LQ 6XEVWHS ��� FDXVHV D FRQIOLFW

ZLWK SDUHQW������  � LQ 6XEVWHS ��� DQG� WKXV�

SDUHQW������ LV FKDQJHG WR ���

,Q $OJRULWKP ,67B5��P�� DQ ,67 RI

5��P��� LV FRQVWUXFWHG E\ UHFXUVLYHO\ FDOOLQJ

,67B5��P−�� WZLFH� FRPSXWLQJ WKH

V\PPHWULFDO WUHHV� FRPSXWLQJ 7��P��� DQG

7��P��P−��� DQG WKHQ GRLQJ VRPH WUDQVIRUPDWLRQ�

/HW I�1� GHQRWH WKH UXQQLQJ WLPH RI $OJRULWKP

,67B5�� ZKHUH 1 �P LV WKH QXPEHU RI YHUWLFHV

LQ 5��P���� 7KHQ� ZH KDYH D UHFXUUHQFH HTXDWLRQ

WKDW ERXQGV I�1��

I�1�  � I�1��� � F1�

ZKHUH F LV D FRQVWDQW� %\ PHDQV RI

UHSHDWHG VXEVWLWXWLRQ� ZH FDQ SURYH WKDW I�1� LV

2�1 ORJ
�
1�� RU 2�P1�� 7KXV� $OJRULWKP ,67

WDNHV 2�P1� WLPH WR FRQVWUXFW �P−�
LQGHSHQGHQW VSDQQLQJ WUHHV RI 5��P����
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)LJXUH �� �D� 7KH ,67 RI 5������ �E� DQ ,67 RI 5������ �F� DQ ,67 RI 5�������



/HPPD �� 7KH �P−� WUHHV FRQVWUXFWHG XVLQJ
,67B5� DUH VSDQQLQJ WUHHV RI

5��P����

3URRI� :H ZLOO SURYH WKLV OHPPD E\ LQGXFWLRQ

RQ P� )RU P �� LW LV REYLRXVO\ WUXH� VHH WKH

WKUHH WUHHV VKRZQ LQ )LJXUH ��D�� 6XSSRVH WKDW

7��P−���L� �� ≤ L ≤ P−�� DUH VSDQQLQJ WUHHV RI

5��P−����� 7KHQ� 7��P��L� �� ≤ L ≤ P−�� DUH DOVR
VSDQQLQJ WUHHV RI 5��P��� VLQFH WKH\ DUH

REWDLQHG GLUHFWO\ IURP 7��P−���L−�� DQG� PRVWO\

LPSRUWDQW� WKH WUDQVIRUPDWLRQ VWHS �6XEVWHS ����

GRHV QRW FKDQJH WKH WUHH SURSHUW\ RI DQ\

WUDQVIRUPHG WUHH� 7��P��� LV FUHDWHG LQ VXFK D

UHJXODU PDQQHU WKDW IRU HYHU\ YHUWH[ Y �Y LV QRW D

QHLJKERU RI YHUWH[ ��� SDUHQW�Y��� LV OHVV WKDQ Y�

6LQFH �P−� HGJHV DUH FUHDWHG LQ 6WHS � DQG QR

F\FOH LV IRUPHG� 7��P��� LV DOVR D VSDQQLQJ WUHH

RI 5��P���� $V IRU 7��P��P−�L� �� ≤ L ≤ P−���
WKH\ DUH VSDQQLQJ WUHHV RI 5��P��� GXH WR WKH

IDFW WKDW WKH\ DUH REWDLQHG GLUHFWO\ IRUP

7��P��L�� 4�(�'�

1H[W� ZH ZLOO SURYH WKH VSDQQLQJ WUHHV

FRQVWUXFWHG XVLQJ $OJRULWKP ,67B5� DUH

PXWXDOO\ LQGHSHQGHQW� :H RQO\ JLYH D FRQFLVH

SURRI�

7KHRUHP �� $OJRULWKP ,67B5� FRUUHFWO\

FRQVWUXFWV DQ ,67 RI 5��P��� LQ 2�P1� WLPH�

ZKHUH 1  �P LV WKH QXPEHU RI YHUWLFHV LQ

5��P����

3URRI� /HW 7��P�W� EH D VSDQQLQJ WUHH

FRQVWUXFWHG XVLQJ $OJRULWKP ,67B5�� /HW

WP−�WP−� ��� W�W� GHQRWH WKH P�ELW ELQDU\ VWULQJ RI

YHUWH[ W� DQG OHW WS LV WKH ULJKW�PRVW QRQ�]HUR ELW

LQ W� :H FDQ SURYH WKDW HYHU\ YHUWH[ LQ WKH SDWK

IURP Y WR W LQ 7��P�W� FKDQJHV DFFRUGLQJ WR DQ

RUGHUHG VHTXHQFH OLNH ^±�S� ±�S��� ���� ±�P−��

±�P−�� ±��� ±��� ���� ±�S−�`� 1RWH WKDW VRPH

LQWHJHUV LQ WKH VHTXHQFH DUH UHSODFHG ZLWK � IRU

D VSHFLILF YHUWH[� /HW YP−�YP−� ��� Y�Y� EH WKH

ELQDU\ VWULQJ RI YHUWH[ Y� ,Q FDVH RI YL  WL � WKH

LQWHJHU ±�L LV UHSODFHG ZLWK � LQ WKH VHTXHQFH�

:H FDQ SURYH WKLV E\ LQGXFWLRQ RQ P� ,I WKLV

SURSHUW\ KROGV LQ HYHU\ WUHH� WKHQ� IRU DQ\ WZR

WUHHV 7��P�V� DQG 7��P�W�� DQFHVWRU�Y�V� ∩
DQFHVWRU�Y�W�  ^�`� 4�(�'�

�� &RQVWUXFWLQJ LQGHSHQGHQW

VSDQQLQJ WUHHV RQ 5�GP� G�� G!�

6XSSRVH G ! �� 5�GP�G� LV �P�FRQQHFWHG

DQG �P�UHJXODU� 7KXV� �P LQGHSHQGHQW VSDQQLQJ

WUHHV VKRXOG EH FRQVWUXFWHG RQ 5�GP�G�� ,Q WKH

FDVH RI G � DQG P �� 5����� LV D ��FOLTXH� 7KH

,67 RI 5����� LV VKRZQ LQ )LJXUH ��D��

7KH EDVLF LGHD RI FUHDWLQJ DQ ,67 RI

5�GP�G� LV VLPLODU WR WKDW RI 5��P���� 7KH PRVW

LPSRUWDQW VWHS LV WR FRQVWUXFW 7�GP���� ZKLFK LV

DFKLHYHG E\ D ELW�FRPSDULQJ VFKHPH� ,Q

DGGLWLRQ� WKH FRQVWUXFWLRQ DOJRULWKP IRU 5�GP�G�

ZLWK RGG G LV D OLWWOH GLIIHUHQW IURP WKDW ZLWK

HYHQ G� ,Q WKLV SDSHU� ZH RQO\ SURSRVH WKH

DOJRULWKP GHDOV ZLWK RGG G IRU FRQFLVHQHVV¶

VDNH�

/HW YP−�YP−� ��� Y�Y� EH WKH P�ELW VWULQJ RI Y

LQ EDVH G UHSUHVHQWDWLRQ� 7KHQ� ZH DVVXPH WKDW

YS LV WKH ULJKW�PRVW GLIIHUHQW ELW EHWZHHQ

YHUWLFHV Y DQG � �LQ EDVH G UHSUHVHQWDWLRQ�� ,Q

DGGLWLRQ� DVVXPH YT LV WKH OHIW ELW RI YS � L�H�� T  

S�� �S � P−�� RU T � �S P−��� :H JLYH WKH

FRQVWUXFWLRQ DOJRULWKPV IRU 5�GP�G� DV IROORZV�

$OJRULWKP ,67B 5G�P�

,QSXW� P�

2XWSXW� $Q ,67 RI 5�GP�G�� ZKHUH G!� DQG G LV

RGG�

0HWKRG�

6WHS �� �UHFXUVLYH SURFHGXUH�

,I P  �� WKHQ

UHWXUQ WKH ,67 RI 5�G�G��

HOVH

FDOO ,67B5G�P−��
HQGLI

6WHS �� �FRQVWUXFW 7�GP�GL�� ZKHUH L  ���� «� P−��
)RU L  � WR P−� GR
6XEVWHS ���� &RQVWUXFW G WUHHV E\ FRS\LQJ

7�GP−��GL−�� DQG WKHQ FKDQJLQJ WKH ODEHO

RI YHUWH[ Y LQ G WUHHV IURP

>GY−�G−����@1 WR >GY��G−����@1 �
UHVSHFWLYHO\�

6XEVWHS ���� &RQVWUXFW 7�GP�GL� E\

FRQQHFWLQJ G YHUWLFHV ZKLFK DUH

ODEHOHG IURP GL−�G−���� WR GL��G−�����
6XEVWHS ���� 6\PPHWULFDOO\ FRQVWUXFW 7�GP� GP−GL��

HQGGR

6WHS �� �FRQVWUXFW 7�GP����

)RU HDFK YHUWH[ Y ≠ � GR �GHWHUPLQH SDUHQW

IRU HYHU\ YHUWH[�

6XEVWHS ���� GR FDVH

FDVH ������ YS  � � SDUHQW�Y���  Y��

FDVH ������ YT  � � SDUHQW�Y���  Y−�
FDVH ������ � � YS ≤ �G−���� DQG � � YT ≤ �G−�����

SDUHQW�Y���  Y−GS
FDVH ������ � � YS ≤ �G−���� DQG �G−���� � YT�

SDUHQW�Y���  >Y�GS@1
FDVH ������ �G−���� � YS � SDUHQW�Y���  Y−�

HQGFDVH



6XEVWHS ���� )LQG WKH FRUUHVSRQGLQJ

WUDQVIRUPHG WUHH IRU FDVHV ����� DQG

����� DQG GR WKH WUDQVIRUPDWLRQ�

HQGGR

6WHS �� 6\PPHWULFDOO\ FRQVWUXFW 7�GP� GP−���
(QG RI $OJRULWKP ,67B5G

:H XVH WKH ,67 VKRZQ LQ )LJXUH ��F� WR

LOOXVWUDWH $OJRULWKP ,67B5G� ,Q 6WHS �� 7������

DQG 7������ DUH REWDLQHG IURP 7����� DQG 7�����

�VKRZQ LQ )LJXUH ��E��� UHVSHFWLYHO\�

0HDQZKLOH� 7������� DQG 7������� DUH REWDLQHG

IURP 7������ DQG 7������� UHVSHFWLYHO\� ,Q 6WHS

�� WKH SDUHQW RI HYHU\ QRQ�URRW YHUWH[ Y LQ

7������ LV GHWHUPLQHG E\ FRPSDULQJ WKH ELW

VWULQJV RI Y DQG �� )RU H[DPSOH� %\ FRPSDULQJ

WKH ��ELW VWULQJ RI YHUWH[ �� ���� LQ EDVH �� ZLWK

WKH ��ELW VWULQJ RI YHUWH[ � ���� LQ EDVH ���

SDUHQW������  ����  �� VLQFH WKH ULJKW�PRVW

GLIIHUHQW ELW LV Y
�
DQG FDVH ����� KROG� )RU YHUWH[

�� ���� LQ EDVH ��� WKH ULJKW�PRVW GLIIHUHQW ELW LV

Y
�
DQG FDVH ����� KROG� WKXV SDUHQW������  

��−��  ��� 6LQFH YHUWH[ �� LV QHLWKHU D

JUDQGFKLOG RI WKH URRW QRU D OHDI LQ 7�������

WKHUH PXVW EH D WUDQVIRUPHG WUHH� 7������ LV WKH

WUDQVIRUPHG WUHH LQ ZKLFK SDUHQW������ LV DOVR

��� $V D UHVXOW� SDUHQW������ LV FKDQJHG WR �� LQ

RUGHU WR KROG WKH LQGHSHQGHQW SURSHUW\� ,Q 6WHS

�� 7������� LV REWDLQHG V\PPHWULFDOO\ IURP

7������� $QRWKHU H[DPSOH RI $OJRULWKP ,67B5G

LV VKRZQ LQ )LJXUH ��

,Q $OJRULWKP ,67B5G� DQ ,67 RI 5�GP�G�

LV DOVR UHFXUVLYHO\ FRQVWUXFWHG� /HW I�1� GHQRWH

WKH UXQQLQJ WLPH RI $OJRULWKP ,67B5G� ZKHUH

1 GP LV WKH QXPEHU RI YHUWLFHV LQ 5�GP�G�� 7KHQ�

ZH FDQ SURYH WKDW I�1� LV DOVR 2�P1��

/HPPD �� 7KH �P WUHHV FRQVWUXFWHG XVLQJ

,67B5G DUH VSDQQLQJ WUHHV RI

5�GP�G��

7KH SURRI RI /HPPD � DQG 7KHRUHP � LV

VLPLODU WR /HPPD ��

7KHRUHP �� $OJRULWKP ,67B5G FRUUHFWO\

FRQVWUXFWV DQ ,67 RI 5�GP�G� LQ 2�P1� WLPH�

ZKHUH 1  GP LV WKH QXPEHU RI YHUWLFHV LQ

5�GP�G��

7KH SURRI RI 7KHRUHP � LV VLPLODU WR

7KHRUHP �� EXW PRUH FRPSOH[� :H RPLW LW IRU

FRQFLVHQHVV¶ VDNH�

�� &RQFOXGLQJ UHPDUNV

,Q WKLV SDSHU� ZH SUHVHQW GLIIHUHQW

DOJRULWKPV IRU FRQVWUXFWLQJ LQGHSHQGHQW

VSDQQLQJ WUHHV RQ UHFXUVLYH FLUFXODQW JUDSKV

5��P��� DQG 5�GP�G�� :H FDQ JHQHUDOL]H WKHVH

UHVXOWV WR DOO UHFXUVLYH FLUFXODQW JUDSKV�

,QWXLWLYHO\� E\ SUXQLQJ VRPH YHUWLFHV� DQ ,67 RI

5�GP�G� FDQ EH WUDQVIRUPHG WR DQ ,67 RI

5�FGP−��G� ZLWK ��F�G�
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)LJXUH �� $Q ,67 RI 5�������



5HIHUHQFHV

>�@ %� :� $UGHQ DQG +� /HH� $QDO\VLV RI

&KRUGDO 5LQJ 1HWZRUN� ,((( 7UDQVDFWLRQV

RQ &RPSXWHUV� 9RO� &���� 1R� �� $SULO �����

SS� ��������

>�@ )� %DR� <� ,JDUDVKL DQG 6�5� gKULQJ�

5HOLDEOH %URDGFDVWLQJ LQ 3URGXFW 1HWZRUNV�

,(,&( 7HFKQLFDO 5HSRUW &203 �������

����� SS������� �DOVR LQ 'LVFUHWH $SSOLHG

0DWKHPDWLFV ��� ����� SS�������

>�@ -� &� %HUPRQG� )� &RPHOODV� DQG '� )� +VX�

'LVWULEXWHG /RRS &RPSXWHU 1HWZRUNV� $

6XUYH\� -RXUQDO RI 3DUDOOHO DQG 'LVWULEXWHG

&RPSXWLQJ� 9RO� ��� ����� SS� �����

>�@ 'DQLHO .� %LVV� +DPLOWRQLDQ

'HFRPSRVLWLRQ RI 5HFXUVLYH &LUFXODQW

*UDSKV� 'LVFUHWH 0DWKHPDWLFV ���� �����

SS�������

>�@ -� &KHUL\DQ DQG 6� 1� 0DKHVKZDUL� )LQGLQJ

1RQVHSDUDWLQJ ,QGXFHG &\FOHV DQG

,QGHSHQGHQW 6SDQQLQJ 7UHHV LQ ��

&RQQHFWHG *UDSKV� -RXUQDO RI $OJRULWKPV ��

����� SS���������

>�@ $QGUHDV +XFN� ,QGHSHQGHQW 7UHHV LQ 3ODQDU

*UDSKV� *UDSKV DQG &RPELQDWRULFV ���

����� SS�������

>�@ $ORQ ,WDL DQG 0LFKDHO 5RGHK� 7KH 0XOWL�

7UHH $SSURDFK WR 5HOLDELOLW\ LQ 'LVWULEXWHG

1HWZRUNV� 3URFHHGLQJV RI WKH ��WK $QQXDO

,((( 6\PSRVLXP RQ )XQGDPHQWDO

&RPSXWHU 6FLHQFH� ����� SS��������� �DOVR

LQ ,QIRUPDWLRQ DQG &RPSXWDWLRQ ��� �����

SS��������

>�@ <� ,ZDVDNL� <� .DMLZDUD� .� 2ERNDWD DQG <�

,JDUDVKL� ,QGHSHQGHQW 6SDQQLQJ 7UHHV RI

&KRUGDO 5LQJV� ,QIRUPDWLRQ 3URFHVVLQJ

/HWWHUV ��� ����� SS���������

>�@ 6DPLU .KXOOHU DQG %DUXFK 6FKLHEHU� 2Q

,QGHSHQGHQW 6SDQQLQJ 7UHHV� ,QIRUPDWLRQ

3URFHVVLQJ /HWWHUV ��� ����� SS���������

>��@ +� 6� /LP� -� +� 3DUN DQG .� <� &KZD�

(PEHGGLQJ 7UHHV LQ 5HFXUVLYH &LUFXODQWV�

'LVFUHWH $SSOLHG 0DWKHPDWLFV ��� �����

SS�������

>��@ &� 0LFKHQHDX� 'LVMRLQW +DPLOWRQLDQ &\FOHV

LQ 5HFXUVLYH &LUFXODQW *UDSKV� ,QIRUPDWLRQ

3URFHVVLQJ /HWWHUV ��� ����� SS���������

>��@ .� 2ERNDWD� <� ,ZDVDNL� )� %DR DQG <�

,JDUDVKL� ,QGHSHQGHQW 6SDQQLQJ 7UHHV RI

3URGXFW *UDSKV� /HFWXUH 1RWHV LQ &RPSXWHU

6FLHQFH ����� ����� SS��������� �DOVR LQ

,(,&( 7UDQVDFWLRQ RQ )XQGDPHQWDOV RI

(OHFWURQLFV� &RPPXQLFDWLRQV DQG

&RPSXWHU 6FLHQFHV� 9RO� (���$� 1R� ���

����� SS������������

>��@ -� +� 3DUN DQG .� <� &KZD� 5HFXUVLYH

&LUFXODQW� $ 1HZ 7RSRORJ\ IRU

0XOWLFRPSXWHU 1HWZRUNV� 3URFHHGLQJV RI

,QWHUQDWLRQDO 6\PSRVLXP RQ 3DUDOOHO

$UFKLWHFWXUHV� $OJRULWKPV DQG 1HWZRUNV

�,63$1�� ����� SS�������

>��@ -� +� 3DUN DQG .� <� &KZD� 5HFXUVLYH

&LUFXODQWV DQG 7KHLU (PEHGGLQJV DPRQJ

+\SHUFXEHV� 7KHRUHWLFDO &RPSXWHU 6FLHQFH

���� ����� SS�������

>��@ 3� 5DPDQDWKDQ DQG .� *� 6KLQ� 5HOLDEOH

%URDGFDVW LQ +\SHUFXEH 0XOWLFRPSXWHUV�

,((( 7UDQVDFWLRQV RQ FRPSXWHUV �������

����� SS�����������

>��@ ,� 6WRMPHQRYLF� 0XOWLSOLFDWLYH &LUFXODQW

1HWZRUNV 7RSRORJLFDO 3URSHUWLHV DQG

&RPPXQLFDWLRQ $OJRULWKPV� 'LVFUHWH

$SSOLHG 0DWKHPDWLFV ��� ����� SS���������

>��@ 6��0� 7DQJ� <��/� :DQJ DQG -��;� /HH� 2Q

WKH +HLJKW RI ,QGHSHQGHQW 6SDQQLQJ 7UHHV

RI $ N�FRQQHFWHG N�UHJXODU *UDSK�

3URFHHGLQJV RI 1DWLRQDO &RPSXWHU

6\PSRVLXP� 7DLSHL� ����� SS�$����$����

>��@ &��+� 7VDL� )DXOW�WROHUDQW +DPLOWRQLDQ

3URSHUWLHV RQ %XWWHUIOLHV� 5HFXUVLYH

&LUFXODQW JUDSKV DQG +\SHUFXEHV�

'LVVHUWDWLRQ RI 1DWLRQDO &KLDR 7XQJ

8QLYHUVLW\� �����

>��@ $YUDP =HKDYL DQG $ORQ ,WDL� 7KUHH 7UHH�

SDWKV� -RXUQDO RI *UDSK 7KHRU\ ��� �����

SS���������


