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Abstract

In this paper, we consider the embedding of hamimilton cycle and the hamil-
tonian paths between any two vertices of the (n, k)-star graph Sn,k. Assume that
F ⊂ V (Sn,k) ∪ E(Sn,k). For n − k ≥ 2, we prove that Sn,k − F is hamiltonian if
|F | ≤ n−3 and Sn,k −F is hamiltonian connected if |F | ≤ n−4. For n−k = 1, Sn,n−1

is isomorphic to the star graph Sn and it is known that Sn is hamiltonian if and only if
n > 2 and Sn is hamiltonian connected if and only if n = 2. Moreover, all the bounds
are tight.
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1 Introduction

The architecture of an interconnection network is usually represented by a graph. There

are a lot of mutually conflicting requirements in designing the topology of interconnection

networks. It is almost impossible to design a network which is optimum from all aspects.

One has to design a suitable network depending on the requirements of its properties. The

hamiltonian property is one of the major requirements in designing the topology of network.

Fault tolerance is also desirable in the massive parallel systems ,which have relative high

probability of failure.

In this paper, a network is represented as a loopless undirected graph. For the graph

definition and notation we follow [2]. G = (V, E) is a graph if V is a finite set and E

∗Correspondence to: Professor L.H. Hsu, Department of Computer and Information Science, National
Chiao Tung University, Hsinchu, Taiwan 300, R.O.C. e-mail: lhhsu@cc.nctu.edu.tw.
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is a subset of {(u, v) | (u, v) is an unordered pair of V }. We say that V is the vertex

set and E is the edge set. Two vertices u and v are adjacent if (u, v) ∈ E. A path is

represented by 〈v0, v1, v2, · · · , vk〉. The length of a path P is the number of edges in P . We

also write the path 〈v0, v1, v2, · · · , vk〉 as 〈v0, P1, vi, vi+1, · · · , vj, P2, vt, · · · , vk〉, where P1 is

the path 〈v0, v1, · · · , vi〉 and P2 is the path 〈vj, vj+1, · · · , vt〉. Hence, it is possible to write a

path as 〈v0, v1, P, v1, v2, . . . , vk〉 if the length of P is 0. We use d(u, v) to denote the distance

between u and v, i.e., the length of the shortest path joining u and v. A path is a hamiltonian

path if its vertices are distinct and span V . A cycle is a path with at least three vertices

such that the first vertex is the same as the last vertex. A cycle is a hamiltonian cycle if

it traverses every vertex of G exactly once. A graph is hamiltonian if it has a hamiltonian

cycle.

Since vertex faults and edge faults may happen when a network is used, they are practi-

cally meaningful to the faulty networks we consider. The vertex fault-tolerant hamiltonicity

and the edge fault-tolerant hamiltonicity, proposed by Hsieh, Chen, and Ho [4], measure the

performance of the hamiltonian property in the faulty networks. A hamiltonian graph G is

k-vertex-fault hamiltonian if G − F remains hamiltonian for every F ⊂ V (G) with |F | ≤ k.

The vertex fault-tolerant hamiltonicity, Hv(G), is defined to be the maximum integer k such

that G is k-vertex-fault hamiltonian if G is hamiltonian and undefined if otherwise. Ob-

viously, Hv(G) ≤ δ(G) − 2 where δ(G) = min{deg(v) | v ∈ V (G)} if Hv(G) is defined.

Similarly, a hamiltonian graph G is k-edge-fault hamiltonian if G − F remains hamiltonian

for every F ⊂ E(G) with |F | ≤ k. The edge fault-tolerant hamiltonicity, He(G), is defined to

be the maximum integer k such that G is k-edge-fault hamiltonian if G is hamiltonian and

undefined if otherwise. Again, it is easy to see that He(G) ≤ δ(G) − 2 if He(G) is defined.

Huang et al. [5] define a more general parameter, fault-tolerant hamiltonicity. A hamiltonian

graph G is k-fault hamiltonian if G − F remains hamiltonian for every F ⊂ V (G) ∪ E(G)

with |F | ≤ k. The fault-tolerant hamiltonicity, Hf(G), is defined to be the maximum in-

teger k such that G is k-fault hamiltonian if G is hamiltonian and undefined if otherwise.

Clearly, Hf (G) ≤ δ(G) − 2 if Hf(G) is defined. Huang et al. [5] also introduced the term,

fault-tolerant hamiltonian connected. A graph G is hamiltonian connected if there exists a

hamiltonian path joining any two vertices of G. All hamiltonian connected graphs except

K1 and K2 are hamiltonian. A graph G is k-fault hamiltonian connected if G − F remains

2



hamiltonian connected for every F ⊂ V (G) ∪ E(G) with |F | ≤ k. The fault-tolerant hamil-

tonian connectivity, Hκ
f(G), is defined to be the maximum integer k such that G is k-fault

hamiltonian connected if G is hamiltonian connected and undefined if otherwise. It can be

checked that Hκ
f (G) ≤ δ(G) − 3 only if Hκ

f (G) is defined and |V (G)| ≥ 4.

The n-star graph [1] is an attractive alternative to the n-cube. It has many significant

advantages over the n-cube, such as a lower degree and a smaller diameter. However, a

major practical difficulty with the n-star graph is the restriction on the number of vertices:

n! for an n-star graph. In order to remedy this drawback, the (n, k)-star graph is proposed

[3] as an attractive alternative to the n-star graph.

Throughout this paper, we assume that n and k are positive integers with n > k. We

use 〈n〉 to denote the set {1, 2, . . . , n}. The (n, k)-star graph, denoted by Sn,k, is a graph

with the vertex set V (Sn,k) = {u1u2 . . . uk | ui ∈ 〈n〉 and ui 6= uj for i 6= j}. The adjacency

is defined as follows: u1u2 . . . ui . . . uk is adjacency to (1) uiu2 . . . u1 . . . uk through an edge

of dimension i, where 2 ≤ i ≤ k (swap ui with u1), and (2) xu2 . . . uk through dimension 1,

where x ∈ 〈n〉 − {ui | 1 ≤ i ≤ k}. The (4, 2)-star graph is shown in Figure 1. The edges

of type (1) are referred to an i-edges, and the edges of type (2) are referred to as a 1-edges.

By definition, S(n, k) is an (n − 1)-regular graph with n!/(n − k)! vertices. Moreover, it is

vertex transitive. The (n, n − 1)-star graph is isomorphic to the n-star graph Sn, and the

(n, 1)-star graph is isomorphic to the complete graph with n vertices, Kn.

In this paper, we discuss the fault hamiltonian property and the fault hamiltonian con-

nected property of the (n, k)-star graphs. In the following section, we discuss some properties

of complete graphs. In section 3, we discuss some properties of the (n, k)-star graphs. In

the final section, we prove that (1) Hf (Sn,k) = n− 3 and Hκ
f(Sn,k) = n− 4 if n − k ≥ 2; (2)

Hf (S2,1) is undefined and Hκ
f (S2,1) = 0; and (3) Hf (Sn,n−1) = 0 and Hκ

f (Sn,n−1) is undefined

if n > 2.

2 Some properties of complete graphs

Let G = (V, E) be a graph. We use Ē to denote the edge set in the complement of G. The

following Theorem is proved by Ore [7].
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Figure 1: (4, 2)-star graph

Theorem 1 [7] Assume that G = (V, E) is a graph with n vertices with n > 3. Then G is

hamiltonian if |Ē| ≤ n − 3, and hamiltonian connected if |Ē| ≤ n − 4.

By Theorem 1, there exists a hamiltonian path joining any two different vertices of an

n-vertex graph G = (V, E) with n ≥ 4 and |Ē| ≤ n − 4. However, we have the following

solid result.

Theorem 2 Assume that G = (V, E) is a graph with V = 〈n〉, n ≥ 4, and |Ē| ≤ n − 4.

Then, there are two hamiltonian paths of G joining any two different vertices i and j in V ,

say P1 = 〈i = i1, i2, . . . , in−1, in = j〉 and P2 = 〈i = i′1, i
′
2, . . . , i

′
n−1, i

′
n = j〉, such that i2 6= i′2

and in−1 6= i′n−1.

Proof. We prove this theorem by induction. It is easy to check that the theorem is true

for n = 4. Assume that the theorem holds for some integer m with n > m ≥ 4. Let i and

j be any two vertices of G. We want to find two hamiltonian paths of G joining i and j,

P1 = 〈i = i1, i2, . . . , in−1, in = j〉 and P2 = 〈i = i′1, i
′
2, . . . , i

′
n−1, i

′
n = j〉, such that i2 6= i′2 and

in−1 6= i′n−1. Let X be a subset of 〈n〉. We use GX to denote the subgraph of G induced by

X and ĒX denote the set {(i, j) | (i, j) ∈ Ē, i, j ∈ X}.

By the symmetric property of the complete graph, we may assume that |Ē〈n−1〉| = n− 4.

Hence, (n, l) ∈ E for any l ∈ 〈n − 1〉.
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Suppose that i = n or j = n. Without loss of generality, we assume that i = n.

Since |Ē〈n−1〉| = n − 4, by Theorem 1 there is a hamiltonian cycle of G〈n−1〉, say 〈j =

a1, a2, a3, . . . , an−1, a1 = j〉. Then 〈i, a2, a3 . . . , an−1, a1 = j〉 and 〈i, an−1, an−2, . . . , a2, a1 = j〉

form two hamiltonian paths of G satisfying our requirement.

Now, we consider that i 6= n and j 6= n. Choose any edge e in Ē〈n−1〉. By induction, there

are two hamiltonian paths of G〈n−1〉+e joining i and j, say P ′
1 = 〈i = a1

1, a
1
2, . . . , a

1
n−2, a

1
n−1 =

j〉 and P ′
2 = 〈i = a2

1, a
2
2, . . . , a

2
n−2, a

2
n−1 = j〉, such that a1

2 6= a2
2 and a1

n−2 6= a2
n−2. For l = 1, 2,

we set Pl as 〈i = al
1, a

l
2, . . . , a

l
t, n, al

t+1, . . . , a
l
n−2, a

l
n−1 = j〉 where t = 2 if (al

p, a
l
p+1) 6= e for

all 1 ≤ p ≤ n − 1, or t is the index p such that (al
p, a

l
p+1) = e. Obviously, P1 and P2 form

two hamiltonian paths of G satisfying our requirement.

Hence, the theorem is proved. 2

Lemma 1 Assume that n ≥ 4. Then Kn is (n − 3)-fault hamiltonian and (n − 4)-fault

hamiltonian connected.

The following theorem was proved by Hung et al. [6].

Theorem 3 [6] Let Kn = (V, E) be the complete graph with n vertices. Let F ⊂ (V ∪ E)

be a faulty set with |F | ≤ n − 2. Then there exists a vertex set V ′ ⊆ V (Kn) − F with

|V ′| = n − |F | such that there exists a hamiltonian path of Kn − F joining every pair of

vertices in V ′.

3 Basic properties of the (n, k)-star graphs

Let u = u1u2 . . . uk be any vertex of the (n, k)-star graph. We say ui is the ith coordinate

of u, denoted by (u)i, for 1 ≤ i ≤ k. Let v be a neighbor of u. We say that v is an

i-neighbor of u if ui 6= vi. By the definition of Sn,k, there is exactly one i-neighbor of u for

2 ≤ i ≤ k and there are (n− k) 1-neighbors of u. For this reason, we use i(u) to denote the

unique i-neighbor of u if i 6= 1. In particular, (k(u))k = (u)1. For 1 ≤ i ≤ n, let Si
n−1,k−1

be the subgraph of Sn,k induced by those vertices u with (u)k = i. In [3], Chiang et. al.

proved that Sn,k can be decomposed into n subgraphs Si
n−1,k−1, 1 ≤ i ≤ n, such that each

subgraph Si
n−1,k−1 is isomorphic to Sn−1,k−1. Thus, the (n, k)-star graph can be constructed

recursively.
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Lemma 2 Let n > k > 1 and u and v be two vertices in S l
n−1,k−1 with d(u,v) ≤ 2 for some

1 ≤ l ≤ n. Then (k(u))k 6= (k(v))k.

Proof. Let u = u1u2 · · ·uk. Suppose that d(u,v) = 1. Since every edge in S l
n−1,k−1

is an i-edge with 1 ≤ i < k, v is either i(u) for some 2 ≤ i < k or xu2 · · ·uk for some

x ∈ 〈n〉 − {uj | 1 ≤ j ≤ k}. Obviously, (k(u))k is u1 and (k(v))k is either ui with 2 ≤ i < k

or x. Hence, (k(u))k 6= (k(v))k.

Suppose that d(u,v) = 2. Then there is a vertex w ∈ V (S l
n−1,k−1), such that d(u,w) =

d(v,w) = 1. Let w = w1w2 · · ·wk.

Assume that (1) u is i(w) and (2) v is either j(w) for some 2 ≤ j 6= i < k or xw2 · · ·wk

for some x ∈ 〈n〉 − {wr | 1 ≤ r ≤ k}. Thus, (k(u))k = wi. Moreover, (k(v))k = wj or

(k(v))k = x with 2 ≤ i 6= j < k. Hence, (k(u))k 6= (k(v))k.

Assume that (1) u is x1w2 · · ·wk for some x1 ∈ 〈n〉 − {wr | 1 ≤ r ≤ k} and (2) v is

x2w2 · · ·wk for some x2 ∈ 〈n〉 − {wr | 1 ≤ r ≤ k} with x1 6= x2. Thus, (k(u))k = x1 and

(k(v))k = x2. Hence, (k(u))k 6= (k(v))k.

Thus, the lemma is proved. 2

For 1 ≤ i 6= j ≤ n, we use Ei,j to denote the set of edges between S i
n−1,k−1 and Sj

n−1,k−1.

Let (u,v) be any edge in Ei,j. In the following, we assume that u ∈ Si
n−1,k−1 and v ∈

Sj
n−1,k−1. Thus, (u,v) ∈ Ei,j implies (v,u) ∈ Ej,i. However, (u,v) /∈ Ej,i if (u,v) ∈ Ei,j. In

[3], it is proved that |Ei,j| = (n−2)!
(n−k)!

. Thus, |Ei,j| = 1 if k = 2. The following lemma can be

easily obtained from the definition of Sn,k.

Lemma 3 Let (u,v) and (u′,v′) be any two distinct edges in E i,j. Then, {u,v}∩{u′,v′} =

∅.

Let F be a faulty set of Sn,k. An edge (u,v) is F -fault if (u,v) ∈ F , u ∈ F , or v ∈ F ;

and (u,v) is F -fault free if (u,v) is not F -fault. Let H = (V ′, E ′) be a subgraph of Sn,k. We

use F (H) to denote the set (V ′ ∪ E ′) ∩ F . We associate Sn,k with the complete graph Kn

with vertex set 〈n〉 such that vertex l of Kn is associated with S l
n−1,k−1 for every 1 ≤ l ≤ n.

We define a faulty edge set R(F ) of Kn as (i, j) ∈ R(F ) if some edge of Ei,j is F -fault.

Obviously, |R(F )| ≤ |F |. Assume that I is any subset of 〈n〉. We use SI
n−1,k−1 to denote the
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subgraph of Sn,k induced by ∪i∈IV (Si
n−1,k−1). Similarly, we use KI

n to denote the subgraph

of Kn induced by I.

Lemma 4 Suppose that k ≥ 2, and (n − k) ≥ 2. Let I ⊆ 〈n〉 with |I| = m ≥ 2 and

let F ⊂ V (Sn,k) ∪ E(Sn,k) with Si
n−1,k−1 − F being hamiltonian connected for all i ∈ I.

Let u and v be any two vertices of SI
n−1,k−1 such that (1) (u)k 6= (v)k, (2) there exists a

hamiltonian path P = 〈(u)k = i1, i2, . . . , im = (v)k〉 of KI
n −R(F ), and (3) (k(u))k 6= i2 and

(k(v))k 6= im−1 if k = 2. Then there exists a hamiltonian path of SI
n−1,k−1 − F joining u to

v.

Proof. Let u1 = u and vm = v. Suppose that we can choose two different vertices

ul and vl in Sil
n−1,k−1 for every il ∈ I such that (vl,ul+1) ∈ Eil,il+1. Since (il, il+1) /∈

R(F ), (vl,ul+1) is F -fault free. Since Sil
n−1,k−1 − F is hamiltonian connected, there exists

a hamiltonian path Pl of Sil
n−1,k−1 − F joining ul and vl for all 1 ≤ l ≤ m. Then 〈u =

u1, P1,v
1,u2, P2,v

2, . . . ,um, Pm,vm = v〉 forms a hamiltonian path of SI
n−1,k−1 − F joining

u to v. Thus, the lemma is proved once such a choice is achievable.

Suppose that k ≥ 3. Since |Ei,j| ≥ (n − 2) ≥ 3 for any i and j in I, such a choice is

easily achievable. Suppose that k = 2. We can choose ul and vl in Sil
n−1,k−1 for every il ∈ I

as the only edge (vl,ul+1) ∈ Eil,il+1. Since (k(ul))k = (vl−1)k 6= (k(vl))k = (ul+1)k, ul 6= vl

for every 1 < l < m. The conditions (k(u))k 6= i2 and (k(v))k 6= im−1 imply u = u1 6= v1

and v = vm 6= um. Hence, the lemma is proved. 2

4 Hamiltonian properties of the (n, k)-star graphs

Lemma 5 S4,2 is 1-fault hamiltonian and hamiltonian connected.

Proof. It is easy to check it is correct.

Lemma 6 Suppose that, for some k ≥ 2, n ≥ 5, and n − k ≥ 2, Sn−1,k−1 is (n − 4)-fault

hamiltonian and (n−5)-fault hamiltonian connected. Then Sn,k is (n−3)-fault hamiltonian.

Proof. Assume that F is any faulty set of Sn,k with |F | ≤ n−3. Without loss of generality,

we assume that |F (S1
n−1,k−1)| ≥ |F (S2

n−1,k−1)| ≥ · · · ≥ |F (Sn
n−1,k−1)|.
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Case 1: |F (S1
n−1,k−1)| ≤ n − 5. By the assumption of this lemma, S i

n−1,k−1 − F is

hamiltonian connected for every i ∈ 〈n〉. Since |R(F )| ≤ |F | ≤ n − 3, by Theorem 1

Kn −R(F ) is Hamiltonian. Let C = 〈t1, t2, . . . , tn, t1〉 be a hamiltonian cycle of Kn −R(F ).

Thus, all edges in Et1,tn are F -fault free. We choose any edge (u,v) in E t1,tn . Obviously,

〈t1, t2, . . . , tn〉 is a hamiltonian path of Kn − R(F ), (k(u))k = (v)k = tn, and (k(v))k =

(u)k = t1. By Lemma 4, there exists a hamiltonian path P1 of Sn,k −F joining u to v. Thus,

〈u, P1,v,u〉 forms a hamiltonian cycle of Sn,k − F .

Case 2: |F (S1
n−1,k−1)| = n − 4. By the assumption of this lemma, S1

n−1,k−1 − F is

hamiltonian. Suppose that n ≥ 6. Then Si
n−1,k−1 − F is hamiltonian connected for every

i 6= 1. Let C be a hamiltonian cycle of S1
n−1,k−1 − F . Since the length of C is at least

3, there exists an edge (u,v) in C such that (u, k(u)) and (v, k(v)) are F -fault free. We

can write C as 〈u, P1,v,u〉. Let F ′ = F − F (S1
n−1,k−1). Then |F ′| ≤ 1 and |R(F ′)| ≤ 1.

Then K
〈n〉−{1}
n − R(F ′) is hamiltonian connected and (k(k(u)))k = (u)k = (v)k = 1. By

Lemma 4, there is a hamiltonian path P2 of S
〈n〉−{1}
n−1,k−1 − F ′ joining k(u) to k(v). Hence,

〈u, k(u), P2, k(v),v, P1,u〉 forms a hamiltonian cycle of Sn,k − F .

Suppose that n = 5. Then |F | = 2, |F (S1
n−1,k−1)| = |F (S2

n−1,k−1)| = 1, and |F −

F (S
{1,2}
n−1,k−1)| = 0. By the assumption of this lemma, S1

n−1,k−1 − F and S2
n−1,k−1 − F are

hamiltonian, and Si
n−1,k−1 is hamiltonian connected if i ∈ {3, 4, 5}. Obviously, there exists

an index r in {3, 4, 5} such that some edges (u, k(u)) in E1,r and some edges (v, k(v)) in

E2,r are F -fault free. Thus, k(u) 6= k(v). Let C1 = 〈u,w, P1,u〉 be a hamiltonian cycle of

S1
n−1,k−1 − F and C2 = 〈v,x, P2,x

′〉 be a hamiltonian cycle of S2
n−1,k−1. Since the cycle C2

can be traversed forward and backward, we may assume that (k(w))k 6= (k(x))k. Obviously,

〈(k(w))k, (k(x))k〉 is a hamiltonian path of K
〈n〉−{1,2,r}
n , (w)k = 1, and (x)k = 2. By Lemma

4, there exists a hamiltonian path P3 of S
〈n〉−{1,2,r}
n−1,k−1 joining k(w) to k(x). By the assumption

of this lemma, there exists a hamiltonian path P4 of Sr
n−1,k−1 joining k(v) to k(u). Then

〈u, P1,w, k(w), P3, k(x),x, P2,x
′,v, k(v), P4, k(u),u〉 forms a hamiltonian cycle of Sn,k − F .

Case 3: |F (S1
n−1,k−1)| = n − 3. Thus, |F − F (S1

n−1,k−1)| = 0. Choose any element

f in F (S1
n−1,k−1). By the assumption of this lemma, there exists a hamiltonian cycle of

S1
n−1,k−1 − F + {f}. By deleting f from S1

n−1,k−1 − F , we can find a hamiltonian path of

S1
n−1,k−1 − F joining u and v such that d(u,v) ≤ 2, no matter f is a vertex or an edge. By
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Lemma 2, (k(u))k 6= (k(v))k. Since K
〈n〉−{1}
n is hamiltonian connected and (u)k = (v)k = 1,

by Lemma 4 there exists a hamiltonian path P2 of S
〈n〉−{1}
n−1,k−1 joining k(u) to k(v). Thus,

〈u, k(u), P2, k(v),v, P1,u〉 forms a hamiltonian cycle of Sn,k − F .

Hence, the lemma follows. 2

Lemma 7 Sn,2 is (n − 4)-fault hamiltonian connected for n ≥ 5.

Proof. By definition, Si
n−1,1 is isomorphic to Kn−1 for every i ∈ 〈n〉. Moreover, |E i,j| = 1

for any two i, j ∈ 〈n〉. Assume that F is any faulty set of Sn,2 with |F | ≤ n − 4. Without

loss of generality, we assume that |F (S1
n−1,1)| ≥ |F (S2

n−1,1)| ≥ · · · ≥ |F (Sn
n−1,1)|. Let x and

y be any two arbitrary vertices of Sn,2 − F . We need to construct a hamiltonian path of

Sn,2 − F joining x and y.

Case 1: |F (S1
n−1,1)| ≤ n− 5. By Lemma 1, St

n−1,1 − F (St
n−1,1) is hamiltonian connected

for any t ∈ 〈n〉.

Subcase 1.1: (x)k = (y)k. Let F ′ = F∪{(y, k(y))}. Then |R(F ′)| ≤ n−3. By Theorem

1, there exists a hamiltonian cycle C in Kn−R(F ′), say C = 〈(x)k = a1, a2, · · · , an, a1〉. Thus,

the only edge (u, k(u)) in Ea1,a2 and the only edge (v, k(v)) in Ea1,an are F -fault free.

Suppose that |F (Sa1

n−1,1)| = 0. Since (y, k(y)) ∈ F ′, v 6= y. Obviously, 〈a2, a3, · · · , an〉 is

a hamiltonian path of K
〈n〉−{a1}
n − R(F ′) and (u)k = (v)k = a1. By Lemma 4, there exists

a hamiltonian path P1 of S
〈n〉−{a1}
n−1,1 joining k(u) to k(v). Since Sa1

n−1,1 is a complete graph,

there exist two paths P2 and P3 covering all vertices in Sa1

n−1,1 such that P2 joins x to u and

P3 joins v to y. Then, 〈x, P2,u, k(u), P1, k(v),v, P3,y〉 forms a hamiltonian path of Sn,2−F

joining x to y.

Suppose that |F (Sa1

n−1,1)| ≥ 1. We create a new graph H by setting V (H) = V (Sa1

n−1,1) ∪

{n} and E(H) = E(Sa1

n−1,1) ∪ {(w, n) | w ∈ V (Sa1

n−1,1)}. Hence, H is a complete graph

with n vertices. Then we set F ′′ = F (Sa1

n−1,1) ∪ {(w, n) | the only edge in Ea1,(k(w))k

is F -fault}. Hence, |F ′′| ≤ n − 4. By Theorem 1, H − F ′′ is hamiltonian connected.

Thus, there exists a hamiltonian path P1 of H − F ′′ joining x to y. Since n is an in-

ternal vertex of P1, we can write P1 as 〈x = u1, Q1,u
s, n = us+1,us+2, Q2,u

n = y〉.

Since |F (Sa1

n−1,1)| ≥ 1, |R(F (S
〈n〉−{a1}
n−1,1 ))| ≤ |F − F (Sa1

n−1,1)| ≤ n − 5. By Theorem 1,
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K
〈n〉−{a1}
n − R(F (S

〈n〉−{a1}
n−1,1 )) is hamiltonian connected. Obviously, (us)k = (us+2)k = a1.

With Lemma 4, there exists a hamiltonian path P2 of S
〈n〉−{a1}
n−1,1 −F joining k(us) to k(us+2).

Then 〈x = u1, Q1,u
s, k(us), P2, k(us+2),us+2, Q2,u

n = y〉 forms a hamiltonian path of

Sn,2 − F joining x to y.

Subcase 1.2: (x)k 6= (y)k. Since |F | ≤ n− 4, |R(F )| ≤ n− 4. By Theorem 2, there are

two hamiltonian paths of Kn − R(F ) joining (x)k to (y)k, say P1 = 〈(x)k = l1, l2, . . . , ln =

(y)k〉 and P2 = 〈(x)k = l′1, l
′
2, . . . , l

′
n = (y)k〉, such that l2 6= l′2 and ln−1 6= l′n−1. Suppose that

((k(x))k 6= l2 and (k(y))k 6= ln−1) or ((k(x))k 6= l′2 and (k(y))k 6= l′n−1). By Lemma 4, there

is a hamiltonian path of Sn,2 − F joining x to y. Thus, we consider that ((k(x))k = l2 or

((k(y))k = ln−1) and (k(x))k = l′2 or (k(y))k = l′n−1). Since l2 6= l′2 and ln−1 6= l′n−1, without

loss of generality we assume that (k(x))k = l2 and (k(y))k = l′n−1.

Suppose that |F (S l1
n−1,1)| ≥ 1 or some edges in ∪j∈〈n〉−{l1}E

l1,j are F -fault. Since ∪j∈〈n〉−{l1}

El1,j = n − 1 and |F | ≤ n − 4, there exists an index i ∈ 〈n〉 − {l1, l2, ln} such that the only

edge (u, k(u)) ∈ E l1,i is F -fault free. Since (k(x))k = l2 6= i, u 6= x. By Lemma 1, there

exists a hamiltonian path P6 of Sl1
n−1,1 − F joining x to u. Let F ′ = F (S

〈n〉−{l1}
n−1,1 ). Then

|R(F ′)| ≤ n− 5. By Theorem 2, there exist two hamiltonian paths of K
〈n〉−{l1}
n −R(F ′) join-

ing i to ln, say P3 = 〈i = a1, a2, . . . , an−1 = ln〉 and P4 = 〈i = b1, b2, . . . , bn−1 = ln〉, such that

a2 6= b2 and an−2 6= bn−2. Without loss of generality, we may assume that (k(y))k 6= an−2.

Obviously, (u)k = l1. By Lemma 4, there exists a hamiltonian path P5 of S
〈n〉−{l1}
n−1,1 − F ′

joining k(u) to y. Then 〈x, P6,u, k(u), P5,y〉 forms a hamiltonian path of Sn,2 − F joining

x to y.

Suppose that |F (S l1
n−1,1)| = 0 and all edges in ∪j∈〈n〉−{l1}E

l1,j are F -fault free. Let u be

the only vertex of S l1
n−1,1 such that (u, k(u)) ∈ E l1,ln. Since (k(y))k = ln−1 6= (u)k = l1 and

(k(x))k = l2 6= (k(u))k = ln, k(u) 6= y and u 6= x. By Lemma 1, there exists a hamiltonian

path P7 of Sln
n−1,1 − F joining k(u) to y. Let F ′ = F (S

〈n〉−{l1,ln}
n−1,1 ). Since |F | ≤ n − 4,

|R(F ′)| ≤ n − 4. Thus, K
〈n〉−{l1 ,ln}
n − R(F ′) has a hamiltonian path, say 〈c1, c2, . . . , cn−2〉.

Since all edges in ∪j∈〈n〉−{l1}E
l1,j are F -fault free, the only edge (v, k(v)) in E l1,c1 and the

only edge (w, k(w)) in E l1,cn−2 are F -fault free. Obviously, (k(k(v)))k = (v)k = l1 and

(k(k(w)))k = (w)k = l1. By Lemma 4, there exists a hamiltonian path P8 of S
〈n〉−{l1,ln}
n−1,1 −F ′

joining k(v) to k(w). Since k(v) and k(w) are the endpoints of the path P8, at least one
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of v and w is not x. Without loss of generality, we assume that v 6= x. Since S l1
n−1,1 is a

complete graph, there exist two disjoint paths P9 and P10 covering all vertices of S l1
n−1,1 such

that P9 joins x to w and P10 joins u to v. Note that it is possible that x is w. Hence,

〈x, P9,w, k(w), P8, k(v),v, P10,u, k(u), P7,y〉 forms a hamiltonian path of Sn,2 − F joining

x to y.

Case 2: |F (S1
n−1,1)| = n − 4. Thus, S1

n−1,1 − F is hamiltonian and |F − F (S1
n−1,1)| = 0.

Subcase 2.1: (x)k = (y)k = 1. Choose any element f in F (S1
n−1,1). By Lemma 1, there

exists a hamiltonian path P of S1
n−1,1−F (S1

n−1,1)+f joining x and y. By deleting f , we can

find two paths P1 and P2 covering all vertices of S1
n−1,1−F such that P1 joins x to u, and P2

joins v to y. Since S1
n−1,1 is a complete graph, d(u,v) = 1. By Lemma 2, (k(u))k 6= (k(v))k.

Obviously, K
〈n〉−{1}
n is hamiltonian connected and (u)k = (v)k = 1. With Lemma 4, there is a

hamiltonian path P3 of S
〈n〉−{1}
n−1,1 joining k(u) to k(v). Thus, 〈x, P1,u, k(u), P3, k(v),v, P2,y〉

forms a hamiltonian path of Sn,2 − F joining x to y.

Subcase 2.2: (x)k = 1 and (y)k 6= 1. Let C be a hamiltonian cycle of S1
n−1,1 −F . Write

C as 〈x,u, P1,v,x〉. By Lemma 2, (k(u))k 6= (k(v))k. Since the cycle C can be traversed

forward and backward, we may assume that (k(u))k = i 6= (y)k. Since |F − F (S1
n−1,1)| = 0

and n ≥ 5, there exists l in 〈n〉 − {(x)k, i, (y)k} such that the only edge (w, k(w)) in E(y)k ,l

satisfies w 6= y. Obviously, K
〈n〉−{(x)k ,(y)k}
n is hamiltonian connected, (u)k = (x)k, and

(w)k = (y)k. With Lemma 4, there exists a hamiltonian path P2 of S
〈n〉−{(x)k ,(y)k}
n−1,1 joining

k(u) to k(w). By Lemma 1, there exists a hamiltonian path P3 of S
(y)k

n−1,1 joining w to y.

Thus, 〈x,v, P1,u, k(u), P2, k(w),w, P3,y〉 forms a hamiltonian path of Sn,2 −F joining x to

y.

Subcase 2.3: (x)k = (y)k 6= 1. By Lemma 1, there exists a hamiltonian cycle C of

S1
n−1,1 − F .

Assume that the only edge (u, k(u)) in E(x)k ,1 is F -fault free. Write C as 〈k(u),v, P2,v
′,

k(u)〉. By Lemma 2, (k(v))k 6= (k(v′))k. Since n ≥ 5, we can choose a vertex w in S
(x)k

n−1,1

such that (k(v))k 6= (k(w))k, w 6= u, and w 6= y. Since S
(x)k

n−1,1 is a complete graph, a

hamiltonian path of S
(x)k

n−1,1 can be written as 〈x,w, P4,y〉 if x = u and 〈x,u,w, P4,y〉 if

x 6= u. Thus, such hamiltonian path can be expressed as 〈x, P3,u,w, P4,y〉. Obviously,
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K
〈n〉−{1,(x)k}
n is hamiltonian connected, (v)k = 1, and (w)k = (x)k. By Lemma 4, there exists

a hamiltonian path P5 of S
〈n〉−{1,(x)k}
n−1,1 joining k(v) to k(w). Thus, 〈x, P3,u, k(u),v′, P2,v,

k(v), P5, k(w),w, P4,y〉 forms a hamiltonian path of Sn,2 − F joining x to y.

Assume that the only edge (u, k(u)) in E(x)k ,1 is F -fault. Since |∪j∈〈n〉−{1}E
1,j| = n − 1

and |F | ≤ n − 4, there are at least three F -fault free edges in ∪j∈〈n〉−{1}E
1,j. Thus, there

exists an index r ∈ 〈n〉 − {(x)k, 1}, such that the only edge (v, k(v)) in E(x)k ,r and the

only edge (w, k(w)) in E1,r are F -fault free. Thus, k(u) 6= k(v). By Lemma 1, there

exists a hamiltonian path P1 of Sr
n−1,1 joining k(v) to k(w) and there exists a hamilto-

nian path P2 of S
(x)k

n−1,1 joining x to y. We write P2 as 〈x,v, z, P4,y〉 and write C as

〈w, t, P2, t
′,w〉. Since S1

n−1,1 is a complete graph, d(t, t′) = 1. By Lemma 2, (k(t))k 6=

(k(t′))k. Since the cycle C can be traversed forward and backward, we may assume that

(k(t))k 6= (k(z))k. Obviously, K
〈n〉−{(x)k ,1,r}
n is hamiltonian connected, (t)k = 1, and (z)k =

(x)k. By Lemma 4, there exists a hamiltonian path P5 of S〈n〉−{(x)k ,1,r} joining k(t) to

k(z). Then 〈x,v, k(v), P1, k(w),w, t′, P2, t, k(t), P5, k(z), z, P4,y〉 forms a hamiltonian path

of Sn,2 − F joining x to y.

Subcase 2.4: (x)k, (y)k, and 1 are distinct. By Theorem 3, there exists a vertex set V ′

of S1
n−1,1 with |V ′| ≥ 3 such that there exists a hamiltonian path of S1

n−1,1 − F joining every

pair of vertices in V ′. We define the F ∗ as {(1, l) | (u,v) ∈ E1,l and u /∈ V ′}. Since |V ′| ≥ 3,

|F ∗| ≤ n − 4. By Theorem 2, there are two hamiltonian paths of Kn − F ∗ joining (x)k to

(y)k, say P1 = 〈(x)k = l1, l2, . . . , ln = (y)k〉 and P2 = 〈(x)k = l′1, l
′
2, . . . , l

′
n = (y)k〉, such that

l2 6= l′2 and ln−1 6= l′n−1.

Suppose that ((k(x))k 6= l2 and (k(y))k 6= ln−1) or ((k(x))k 6= l′2 and (k(y))k 6= l′n−1).

Without loss of generality, we assume that (k(x))k 6= l2 and (k(y))k 6= ln−1. Obviously, we

can choose the only F -fault free edge (vlt,ult+1) in Elt,lt+1 for any 1 ≤ t ≤ n − 1. Since 1

is an internal vertex of P1, we assume that 1 = li. Since k(uli) = vli−1 and k(vli) = uli+1 ,

uli 6= vli. Since uli and vli are in V ′ and uli 6= vli, there exists a hamiltonian path Pli of

Sli
n−1,1 − F joining uli to vli . Since k(ulr) = vlr−1 and k(vlr) = ulr+1, ulr 6= vlr . Since Slr

n−1,1

is a complete graph for any lr ∈ 〈n〉− {1} and ulr 6= vlr , there exists a hamiltonian path Plr

of Slr
n−1,1 joining ulr to vlr . Then 〈x = ul1 , Pl1,v

l1,ul2 , Pl2,v
l2 , . . . ,uln , Pln,vln = y〉 forms a

hamiltonian path of Sn,2 − F joining x to y.
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Thus, we consider that ((k(x))k = l2 or (k(y))k = ln−1) and ((k(x))k = l′2 or (k(y))k =

l′n−1). Since l2 6= l′2 and ln−1 6= l′n−1, without loss of generality we assume that (k(x))k = l′2

and (k(y))k = ln−1.

Suppose that there exists an index t such that 1 ≤ t < n − 2, 1 6= lt, and 1 6= lt+1. Since

|F − F (S1
n−1,1)| = 0, the only edge (p, k(p)) in E ln,lt and the only edge (q, k(q)) in E ln,lt+1

are F -fault free. Obviously, P3 = 〈l1, · · · , lt, ln, lt+1, . . . , ln−1〉 is also a hamiltonian path of

Kn − R(F ∗). We rewrite P3 as 〈a1, a2, . . . , an〉. We set x = ua1 and k(y) = van . Then we

choose the only edge in Ear ,ar+1 as (var ,uar+1) for any 1 ≤ r ≤ n. Since k(var) = uar+1 and

k(uar) = var−1 , var 6= uar . Let i be the index such that ai = 1. Obviously, uai and vai are

in V ′ and there exists a hamiltonian path Pai
of S1

n−1,1 −F joining uai to vai. Since Sr
n−1,1 is

complete graph for any r ∈ 〈n〉, there exists a hamiltonian path Par
of Sar

n−1,1−{y} joining uar

to var for any ar ∈ 〈n〉− {1}. Then P4 = 〈x = ua1 , Pa1
,va1 ,ua2 , Pa2

,va2, . . . ,uan , Pan
,van =

k(y)〉 forms a hamiltonian path of Sn,2 − F − {y} joining x to k(y). Then 〈x, P4, k(y),y〉

forms a hamiltonian path of Sn,2 − F joining x to y.

Suppose that there is no index t such that 1 ≤ t < n − 2, 1 6= lt, and 1 6= lt+1. We claim

that n = 5 and l2 = 1. Let p be the index such that lp = 1. Suppose that n ≥ 6. We can

choose t to be 1 if p ≥ 3 and 3 if otherwise. Suppose that n = 5 and l2 6= 1. We can choose

t to be 1. Obviously 1 6= lt and 1 6= lt+1. We get a contradiction.

Thus, we only consider the case that n = 5 and l2 = 1. Since (k(x))k = l′2 6= l′5 = l5

and (k(y))k = l4 6= l1, the only edge (u, k(u)) ∈ E l1,l5 satisfies u 6= x and k(u) 6= y.

By Lemma 1, there exists a hamiltonian path P7 of Sl5
n−1,1 joining k(u) to y. Since |F −

F (S1
n−1,1)| = 0, the only edge (w, k(w)) in E l1,l4 is F -fault free. Since (l1, l2) ∈ P1, the

only edge (v,vl2) in El1,l2 is F -fault free. Since S l1
n−1,1 is a complete graph, there exist

two paths P5 and P6 covering all vertices in S l1
n−1,1 such that P5 joins x to w and P6 joins

v to u. Since 〈l2, l3, l4〉 is a subpath of P1, the only edge (ul2 ,vl3) in El2,l3 and the only

edge (ul3 ,vl4) in El3,l4 are F -fault free. Since vl2 and ul2 are in V ′, by Lemma 3 there

exists a hamiltonian path P2 of Sl2
n−1,1 − F joining ul2 to vl2. By Lemma 1, there exists a

hamiltonian path Pl3 of Sl3
n−1,1 joining ul3 to vl3 and a hamiltonian path Pl4 of Sl2

n−1,1 joining

k(w) to vl4. Then 〈x, P5,w, k(w), Pl4,v
l4,ul3 , Pl3,v

l3,ul2 , Pl2,v
l2 ,v, P6,u, k(u), P7,y〉 forms

a hamiltonian path of S5,2 − F joining x to y.
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Thus, the lemma is proved. 2

Lemma 8 Suppose that, for some k ≥ 3 and n−k ≥ 2, Sn−1,k−1 is (n−4)-fault hamiltonian

and (n − 5)-fault hamiltonian connected. Then Sn,k is (n − 4)-fault hamiltonian connected.

Proof. Since k ≥ 3, n ≥ 5, and (n−k) ≥ 2, |Er,s| = (n−2)!
(n−k)!

≥ (n− 2) for all 1 ≤ r 6= s ≤ n.

By Lemma 3, all edges in Er,s are independent. Assume that F is any faulty set of Sn,k with

|F | ≤ n − 4. Without loss of generality, we assume that |F (S1
n−1,k−1)| ≥ |F (S2

n−1,k−1)| ≥

· · · ≥ |F (Sn
n−1,k−1)|. Let x and y be any two arbitrary vertices of Sn,k − F . We want to

construct a hamiltonian path of Sn,k − F joining x and y.

Case 1: |F (S1
n−1,k−1)| ≤ n−5. By the assumption of this lemma, St

n−1,k−1−F (St
n−1,k−1)

is hamiltonian connected for any t ∈ 〈n〉.

Subcase 1.1: (x)k 6= (y)k. Since |R(F )| ≤ n−4, by Lemma 1 Kn−R(F ) is hamiltonian

connected. By Lemma 4, there exists a hamiltonian path of Sn,k − F joining x and y.

Subcase 1.2: (x)k = (y)k. By the assumption of this lemma, there exists a hamiltonian

path P1 of S
(x)k

n−1,k−1 − F (S
(x)k

n−1,k−1) joining x to y. We claim that there exists an edge (u,v)

of P1 such that (u, k(u)) in E(x)k ,(k(u))k and (v, k(v)) in E(x)k ,(k(v))k are F -fault free. Let F ′

denote the the set of F -fault edge in ∪j∈〈n〉−{(x)k}E
(x)k ,j. Suppose that no such edge exists.

Then |F ′| ≥ |P1|/2. Thus, |F ′ ∪F (S
(x)k

n−1,k−1)| ≥
(n−1)!
2(n−k)!

> |F | when n ≥ 5 and k ≥ 3. We get

a contradiction.

Thus, we can write P1 as 〈x, P2,u,v, P3,y〉. Since d(u,v) = 1, (k(u))k 6= (k(v))k.

Let 〈(k(u))k = l1, l2, . . . , ln−1 = (k(v))k〉 be any hamiltonian path of K
〈n〉−{(x)k}
n . We set

k(u) = vl1 and k(v) = uln−1 . Since |Er,s| − |F | ≥ 2 for any r, s ∈ 〈n〉, we can choose

any F -fault free edges (uli ,vli+1) in Eli,li+1 for all 1 ≤ i ≤ n − 1. By the assumption of

this lemma, there exists a hamiltonian path Pli of Sli
n−1,k−1 − F joining vli to uli . Then,

P4 = 〈vl1, Pl1 ,u
l1 ,vl2, . . . , Pln−1

,uln−1〉 forms a hamiltonian path of S
〈n〉−{(x)k}
n−1,k−1 − F joining

k(u) to k(v). Thus, 〈x, P2,u, k(u), P4, k(v),v, P3,y〉 forms a hamiltonian path of Sn,k − F

joining x to y.

Case 2: |F (S1
n−1,k−1)| = n − 4.
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Subcase 2.1: (x)k = (y)k = 1. Choose any element f in F (S1
n−1,k−1). By the assumption

of this lemma, we can find a hamiltonian path P of S1
n−1,k−1 − F (S1

n−1,k−1) + f joining x

to y. By deleting f , we can find two vertices u and v with d(u,v) ≤ 2 such that (1) there

are two paths P1 and P2 covering all the vertices of S1
n−1,k−1 − F , (2) P1 joins x to u, and

(3) P2 joins v to y. By Lemma 2, (k(u))k 6= (k(v))k. Then there exists a hamiltonian path

of K
〈n〉−{1}
n joining (k(u))k to (k(v))k. By Lemma 4, there is a hamiltonian path P3 joining

k(u) and k(v) in S
〈n〉−{1}
n−1,k−1. Thus, 〈x, P1,u, k(u), P3, k(v),v, P2,y〉 forms a hamiltonian path

of Sn,k − F joining x to y.

Subcase 2.2: (x)k = 1 and (y)k 6= 1. Let C be a hamiltonian cycle of S1
n−1,k−1 −

F (S1
n−1,k−1). Write C as 〈x,u, P1,v,x〉. Thus, d(u,v) ≤ 2. By Lemma 2, (k(u))k 6= (k(v))k.

Since the cycle C can be traversed forward and backward, we may assume that (k(u))k 6=

(y)k. Since |F −F (S1
n−1,k−1)| = 0 and |Er,s| ≥ (n− 2) for any 1 ≤ r < s ≤ n, there exists an

F -fault free edge (w, k(w)) in E(y)k ,l for some l ∈ 〈n〉−{(x)k, (k(u))k, (y)k} such that w 6= y.

Obviously, there exists a hamiltonian path of K
〈n〉−{(x)k ,(y)k}
n joining (k(u))k to (k(w))k,

(k(k(u)))k = (u)k = (x)k, and (w)k = (y)k. By Lemma 4, there exists a hamiltonian path

P2 of S
〈n〉−{(x)k ,(y)k}
n−1,k−1 joining k(u) to k(w). With the assumption of this lemma, there exists

a hamiltonian path P3 of S
(y)k

n−1,k−1 joining w to y. Then 〈x,v, P1,u, k(u), P2, k(w),w, P3,y〉

forms a hamiltonian path of Sn,k − F joining x to y.

Subcase 2.3: (x)k = (y)k 6= 1. With the assumption of this lemma, there exists

a hamiltonian path P1 of S
(x)k

n−1,k−1 joining x to y and there exists a hamiltonian cycle

C of S1
n−1,k−1 − F (S1

n−1,k−1). Since |E(x)k,1| − |F | ≥ 2, there exists an F -fault free edge

(u, k(u)) ∈ E(x)k ,1 with x 6= u. Thus, we can write C as 〈k(u),v, P2,v
′, k(u)〉 and write

P1 as 〈x, P3,u,w, P4,y〉. Since d(v,v′) ≤ 2, (k(v))k 6= (k(v′))k. Without loss of gener-

ality, we assume that (k(v))k 6= (k(w))k. Obviously, there exists a hamiltonian path of

K
〈n〉−{1,(x)k}
n joining (k(u))k to (k(w))k. By Lemma 4, there exists a hamiltonian path P5

of S
〈n〉−{1,(x)k}
n−1,k−1 joining k(v) to k(w). Thus, 〈x, P3,u, k(u),v′, P2,v, k(v), P5, k(w),w, P4,y〉

forms a hamiltonian path of Sn,k − F joining x to y.

Subcase 2.4: (x)k, (y)k, and 1 are distinct. Since |E(x)k ,1| ≥ (n − 2), there exists an

F -fault free edge (u, k(u)) in E(x)k ,1. Let C be a hamiltonian cycle of S1
n−1,k−1 − F . We

can write C as 〈k(u),v, P1,w, k(u)〉. Since d(v,w) ≤ 2, (k(v))k 6= (k(w))k. Without loss of
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generality, we assume that (v)k 6= (y)k. Then there exists a hamiltonian path of K
〈n〉−{(x)k ,1}
n

joining (v)k to (y)k. By Lemma 4, there exists a hamiltonian path P2 of S〈n〉−{(x)k ,1} joining

v to y. By the assumption of this lemma, there exists a hamiltonian path P3 of S
(x)k

n−1,k−1

joining x to u. Then 〈x, P3,u, k(u), k(w), P1, k(v),v, P2,y〉 forms a hamiltonian path of

Sn,k − F joining x to y.

Thus, the lemma is proved. 2

Theorem 4 Let n and k be two positive integers with n > k ≥ 1. Then

(1) Hf(Sn,k) = n − 3 and Hκ
f (Sn,k) = n − 4 if n − k ≥ 2;

(2) Hf(S2,1) is undefined and Hκ
f (S2,1) = 0; and

(3) Hf(Sn,n−1) = 0 and Hκ
f (Sn,n−1) is undefined if n > 2.

Proof. We first consider the case k = n−1. It is proved in [3] that Sn,n−1 is isomorphic

to the star graph Sn. The star graph is a bipartite graph. It is proved in [1] that Sn is

hamiltonian if and only if n > 2. The star graph S2 is K2 which is hamiltonian connected.

It is known that the number of vertices in both partite sets of any bipartite hamiltonian are

the same. For these reasons, any bipartite hamiltonian graph is not hamiltonian connected.

Thus, Hf (Sn,n−1) = 0 and Hκ
f(Sn,n−1) is undefined if n > 2. Moreover, Hf(S2,1) is undefined

and Hκ
f (S2,1) = 0.

Now, we consider the case n > k ≥ 1. By Lemma 1, the theorem is true for Sn,1.

According to Lemma 5, the theorem is true for S4,2. Based on the Lemmas 6 and 7, the

theorem is true for Sn,2 with n ≥ 5. By Lemmas 6 and 8, the theorem is true for all Sn,k

with n ≥ 5, k ≥ 3, and (n − k) ≥ 2. Hence, the theorem is proved. 2
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