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Abstract
The feedback vertex set F of a graph G is a subset of vertices such that the removal
of F from G induces an acyclic subgraph.
In this paper, we study the feedback vertex set problem on the directed and
undirected spilt-stars and alternating group graphs separately. We give upper and lower
bounds to the minimum feedback vertex set on the n-dimensional spilt-stars and

n-dimensional alternating group graphs.
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1. Introduction

Let G = (V, E) be a graph with vertex set V(G) and edge set E(G), where EC V' x V.
We also let D = (V, A) be a directed graph with vertex set V(D) and arc set A(D), where

AcVxV. An arc uv s said to be directed from u to v. In a graph G (V, E), a cycle is a

graph with an equal number of vertices and edges whose vertices can be placed around
a circle so that two vertices are adjacent if and only if they appear consecutively in the

circle. Also, a graph with no cycle is called acyclic. The feedback vertex set F of a

digraph D = (V, A) is a subset of vertices V <V whose removal from D, induces an

acyclic subgraph D'=(V"',4') where V'=FV\ Vand A'= {<u,v>eAlu,velV'}. A
feedback vertex set with the minimum cardinality is called minimum feedback vertex set,
and its cardinality denoted by u(D). The feedback vertex set problem originated from
applications in combinatorial circuit design, but have found their way into numerous
other applications, such as deadlock prevention in operating system, constraint
satisfaction, Bayesian inference in artificial intelligence, and graph theory. As an
example, consider an interconnection network modeled by a graph, for which vertices
represent processors and each edge < i, /> represents the request of processor i for a
resource allocated to a processor j. If there is a cycle in such a graph, a deadlock occurs
and every processor in the cycle will wait for the requested resource and will never
release the resource already allocated to it. In order to solve the deadlock, one can
remove some processors from the graph and put them in a waiting queue. Therefore, it
is clear that we want to minimize the number of processors removed and make the
graph acyclic. It is well known that the problem of finding a minimum feedback vertex
set is NP-hard for general networks [4], but there exits polynomial solutions for
particular graphs [ 6, 7, 8, 9,10]. In order to obtain polynomial solutions, one can restrict
these problems to special classes of graphs, such as interval graphs, permutation graphs,
etc.

In this paper, we present results concerning feedback vertex set problem in both
directed and undirected spilt-stars and alternating group graphs , which have recently
been developed as a new model of the interconnection network for parallel and
distributed computing systems. Jwo et al. [5] studied the alternating group graphs;

Cheng et al. [2] studied a variant distributed processor architecture of the star graphs,



which is known as the spilt-star. Cheng and Lipman [1] proposed an assignment of
directions to the edges of the spilt-stars and the alternating groups. They also showed
that resulting directed graphs are not only strongly connected, but, in fact, they have

maximally arc-connected and have small diameters.

The n-dimensional directed spilt-star S? is a directed graph, which has the set of n!

permutations of an n-set as the vertex set. The vertices of the spilt-stars are in a

one-to-one correspondence with n! permutations [pj,pz,...,p.] of the set N={1,2,...,n},

—_—

and two vertices u, v of §, are connected by an arc < u, v > if and only if the

permutation of v can be obtained from u by either a 2-exchange or 3-rotation. Let u =
[p1,p2,....Pn]. A 2-exchange interchanges the first symbol p; with the second symbol p,

whenever p; >pa , i.e., v = [p2,P1,...,Px]. A 3-rotation rotates the symbols in positions 1,

2 and i for some i€ {3, 4,..., n}, i.e., V= [pip1,...pPi-1, P2, Pi+1,-- -, Pu]. Figure 1 depicts an

example of S—f for n = 4. On the other hand we also denote the n-dimensional

undirected spilt-star by S,. The undirected spilt-star can be obtained form directed
spilt-stars by letting each arc with bi-direction. For simplicity, we discard the arc’s

directions of undirected spilt-stars, and Figure 2 depicts an example of S, for n = 4.



3124 1342
. .

1423 2143

Figure 1 : 4-dimensional directed spilt-star.
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Figure 2 : 4-dimensional undirected spilt-star.

Let u = [p1, p2,..., pn] Where p;e N for all 1< i < n. Now, let /;denote the identity



permutation of N. If p; >p; where i<j , the pair p; and p; constitute an inversion. A

permutation is said to be even ( resp. odd) if its number of parity inversions is even

( resp. odd). Given a simple graph G and a simple graph H, an isomorphism from G to
H is a bijection f :V(G)—V(H) such that uy € E(G) if and only if flu) fiv)e E(H). We

say G is isomorphic to H, if there is an isomorphism from G to H. Let S.,z be the

subgraph of S’ induced by the set of even permutations. This is precisely the

_

alternating group graph, A4

introduced in [5]. Let S,0 be the subgraph of S—f

n 2

induced by the set of odd permutations. Then, S,z is isomorphic to S’,0 via a

—_—

2-exchange. Let 4, and A4, be n-dimensional undirected and directed alternating

group graphs induced subgraph of S, and S? with even permutations reactively.

The remaining sections of this paper are organized as follows. In Section 2, we
define some notations and study the feedback vertex set problem for the directed
spilt-star. The upper and lower bounds to the minimum cardinality of the feedback
vertex set for the n-dimensional directed spilt-star are given. In Section 3, we show the
upper and lower bounds to the minimum cardinality of the feedback vertex set for the
n-dimensional directed alternating group graphs. Section 4 and Section 5 are devoted to
explore the existence of independent set vertices of spilt-stars and alternating group
graphs to construct double rooted star as feedback vertex set of S, and 4,. Finally, a

concluding remark is given in the last section.

2. The Feedback Vertex Set of Directed Spilt-stars

The n dimensional spilt-star is a regular graph with degree 2n —3, |V(S—,f )|=n! and
|E(S? N=Q2n —3)n!/2. ST{ is recursively constructed by n copies of E_; .

Let ;=N\ {i} fori=1,2, and let N;,=N\ {1,2}, where
N={1,23...n}. We also let V(E, ={[p1p2p3...px] | pi# pjand i, jEN }. We define X be

a nonempty proper subset of the V(E ), and let E.(X) to be the set of 2-exchange
neighbors of X and R (X) to be the set of 3-rotation neighbors of X. Define &X) to be the

set of arcs leaving X and p(X) to be the set of arcs entering X.



Lemma 1. Let F = {[p1,p2,p3...px] | P1>Dp2 } and Fc V(Ez). Then F is a feedback

vertex set of Sn.
Proof. Let F bea subset of V(g‘;) with cardinality n! /2. We want to show that F'is a
feedback vertex set of Sy . Suppose, to the contrary, that F is not a feedback vertex set
of Si.
Then a cycle C=u;—uy—...>ux—u; exists in E\F. For each vertex u;=[u;1, u;2,
Uis,..., uin] €C. Since u;1<u;» . u; has no 2-exchange neighbor. Therefore, u;:; is a
3-rotation neighbor of u; ,1<i < k—1, and u; is u’s 3-rotation neighbor. Further, u; ;=
uirrp and w1 =wuyo. Since up <wisz, Ui <ugn . Thus, w <wpan <. <wp <,
which is a contradiction. m
Lemma 2. Let F'={[2,1,ps,....pn] | pi€ Ni2, for each 3<i<n} and F'cF For
eachvertexue F',R(u)c F\F'and R(E(u)) < F\F'.
Proof. F'c V(§1). Let uv e O(u),theneitherve E(u)orveR (u). IfveR (u),it
has the form [p; ,2,p3,.. pis,1, pi+i »...,.pn] and p; > 2, i€ Ny5. Since R (u )eF and R
(u)EF',R(u)c F\F'. Otherwise,if veE, (u ) then v is the form of [1,2,ps,....p,].
Since E, (u )z F, E; (u )z F\F',but for each vertex we R(E( u )), it has the form of
[pi 1,03, Pi-1,2, Pivi-..pa] and p; > 1, p;#2, i€ N15.. Thus, R(E( u ))EF", R(E(u)Z F
\F'. O
Lemma 3. Let F'"= {[nn—1ps,..., pul | pi€Nyn1, for each 3<i<n} and F'" cCF
For each vertexue F'"',R(u)c F\F".
Proof. F" cWV(S:).Let vu ep(u),thenveR (u).IfveR (u), it has the form [n—
Lpip3ss.. Pi-is By Pisi 5---pu]l and  p;<n—1,ieN;,. Since R(u )eFand R (u )¢ F'",R
(u)cF\F". 0

Based on the Lemmas 1, 2 and 3, we give the following algorithm to find the

feedback vertex set for the directed split-stars.

Algorithm FDS
Input: A directed split-star S

Output: A feedback vertex set of S



Method:

Step 11 F={[p1,p2,p3...pal |[P1>p2 }

F'={[2,1,p3,....pn] | pi€ N1, for each 3<i<n}
F'"={[nn—1ps,..., pu] | i€ Nyn.1, for each 3<i<n}

Step2: S=F/(F'uU F").

Step 3:  output S.

From Lemma 1, Lemma 2 and Lemma 3, we can conclude that the upper bound to
the minimum cardinality of the feedback vertex set for the n-dimensional directed
spilt-star.

Theorem 4. 1(S,)<n!/2—2(n-2)!
Proof. For each vertex ue F', by Lemma 2, R( u )cF \F'. Since R(E.( u )) cF
\ F'the existence of E,( u), it just only makes paths not cycles. By Lemma 3, for each
vertex ve F'"', R (v)c F \F". Thus, the existence of F'and F'' would not make any
cycle in Sn. By Lemma 1, F'isa feedback vertex set of /( S, ) with cardinality n! /2. So
W(SHEn/2—2n2).. o

In addition to give the upper bound to the minimum cardinality of the feedback

vertex set for the n-dimensional directed spilt-star, we also give the lower bound to the

minimum cardinality of the feedback vertex set for the n-dimensional directed spilt-star.
Theorem 5. n>4, u(S,)>n!/3

Proof. In Sa , there exists 8 disjoint 3-cycles. In order to break cycles in Sa , we have
to delete at least 8 vertices, a vertex for each disjoint cycle. The labels of deleted

vertices are in the following: [3214], [3241], [3142], [3124], [4123], [4132], [4213] and
[4231]. For |V(§4)|=24 and y(§4):8/24: 1/3. Again, since there are n! /4! copies of
S+ in S, for n>4, and in each copy, we need to delete at least eight vertices. Then

results ( Sn ) > (n!/41)x8=n!/3. o

3.The Feedback Vertex Set of Directed Alternating Group Graphs

The n-dimensional directed alternating group graphs A’ is a directed graph, which is

induced by the set of even ( resp. odd) permutations of Si. Itisa regular graph with



2
n?o

degree 2(n—2). Since S’,r is isomorphic to S

no

o via a 2-exchange, without loss of

—_—

generality, we let A, be the even permutation of S». The cardinality of vertex set and

edge set of A, is n! /2 and (n—2)n!/2. Alternating group graphs have a highly

—_— _—

recursive structure. A, is made up of n A, , . Figure 3 and 4 depict examples of Z

—

and A, , respectively.
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Lemma 6. Let F = {[p1,p2,p3,---pnl | P1>p2 } and Fc V(Z). Then F is a feedback

vertex set of A

Proof. Let F bea subset of V(Z) with cardinality n! /4. We want to show that F'is a
feedback vertex set of A . Suppose, to the contrary, that F' is not a feedback vertex set
of E Then a cycle C=u;—>u,—...>ux—u; exists in Zq\ F. For each vertex u;=

[Uir, Ui, Ui3,..., Uin] €C. Since u;;<u;» . u; has no 2-exchange neighbor. Therefore,
u;+1 18 a 3-rotation neighbor of u; ,1<i < k—1, and u; is u;’s 3-rotation neighbor. Further,
uig=um2and ur; =uo. Since w1 <12, Ui <y . Thus, e <wge<...<up <

ur1 , which is a contradiction. 0

Lemma 7. Let A'c V(E) and A'= {[2,1, p3,..., pa] | pi€ N1 2, for each 3<i<n}, for
each vertexue A', R(u)cF\A'".

Proof. Let uw e o(u),weR(u).lfw;eR (u), it has the form

(i ,2,p35.. it 1, Pis1 »...pn] and p; >2, i€ Ny, . Since R(u )€ F and

R(u)g A, R(u)cF\A". O

Lemma 8. LetA" V(E) and A" ={[n, n—1, ps,..., pu] | pi€ Npu-1, for each 3<i<n},
for each vertex vEA", R(v)cF\A".

Proof. Let sv ep(v),thenseR (v).Ifs;eR(v), it has the form [n—1.,pi,p3,..
Di-1> Ny Pi1 »..,pn] and  p;<n—1,ieN;,. Since R (v)eFandR(v)eg A", R(v)cF
\A". O

Based on the Lemmas 6, 7 and 8, we give the following algorithm for solving the
feedback vertex set problem in the directed alternating group graphs.

Algorithm FDA
Input: A directed alternating group graphs A

Output: A feedback vertex set of A
Method:

Step 1:  F={[p1,p2,p3...pn]l | P1>p2 }
F'={[2,1,p3,....pu] | pi€ N1, for each 3<i<n}

F'"={[nn—1ps,..., pn] | pi€ Nyn.1, for each 3<i<n}

10



Step2: S=A /(AU A").

Step 3:  output S.

Lemma 6, Lemma 7 and Lemma 8 can derive the upper bound to the minimum
cardinality of the feedback vertex set for the n-dimensional directed alternating group

graphs.

Theorem 9. 1 Ax)<n!/4—(n—2)!

Proof. For each vertex ue 4', ve A", by Lemma 7, R (u )cF\A', R (v )cF\A".
Thus, the existence of A'and A" would not make any cycle in A By Lemma 6, F is
a feedback vertex set of V(E) with cardinality n! / 4. So ,u(Z)S n!/4—(n—2)\.

|

We also give the lower bound to the minimum cardinality of the feedback vertex set

for the n-dimensional directed alternating group graphs.
Theorem 10. n>4, u( A )>n!/6

Proof. In As , there exists 4 disjoint 3-cycles. To break all cycles of As , we need to

prune at least 4 vertices, a vertex for each disjoint cycle. The labels of deleted vertices

are in the following: [3241], [3124], [4132] and [4213]. For |V(Z;)|:n!/2=12 and
,u(Z,):4/12: 1/3. Again, since there are n!/24 copies of A+ ind, for n>4, and in

each copy, we need to delete at least four vertices. Then results u( A )= (n!/24)x4=n!/6.

d

4. The Feedback Vertex Set of Undirected Spilt-stars
An independent set in a graph G is a vertex set /< V(G) that contains no edge of G,

that is to say G[ / ] has no edge. Let N', N'"' < N, where
N' ={12,...|n/2]yand N"={|n/2]+1,|n/2]+2,....n}.
Lemma 11. Let /= {[x.,y, p3,....px] | x€ N', ye N", p;e Ny, and

i=3,4,...n} and vertex set I is an maximal independent vertex set of S,,.

Proof. Since Ic V( S, ), we immediately show that for any two vertices u, vE I,

vertices u, v are not adjacent. Suppose, to the contrary, that / is not an independent

11



vertex set of S,. Then an edge uv exists in G[I]. Let

u={[uy,uz,us,...,u,| |u1e N', upe N'"and u;e N, 0 and i=3,4,...n } and
v={[vi,v2,V3,...,Vs] | i€ N', vae N", vieN,1,2and i=3,4,...n}. Hence, v is either the
2-exchange neighbor of u or a 3-rotation neighbor of u. If v is the 2-exchange neighbor

of u, then vi=u,, and vo=wu;. Since vie N',
upe N'" and N' N N'" = ¢, itis a contradiction. Otherwise, v is a 3-rotation neighbor
of u. Thus, v,=u;or vi=u,. Similarly, it contradicts that N' N N'"' = ¢.

Furthermore, we shall prove that / is maximal. Suppose, to the contrary, that / is not
a maximal independent set of S,. Then, there exists a vertex ve V( S, )\ [/ and /U {v} is
also a independent set of S, . That is to say, # and v are nonadjacent, for each uel. Let u
= {{u1,u2,u3,...,uy] | u1€ N', upe N'"and u;€ N,j,o0 and i=34,...n }. Since vel, v
belongs to one of the following three vertex sets.
(1) V'={[vi,va,vs...,vu] | vie N'and vae N', v;e N,1nand i=34,...n},
(2) V"' ={[vi,v2,v3...,vs] | vie N"and voe N",v;e N,ipand i=34,...n},
3) V" ={[vi,v2,v3...,wy] | vie N"and v,€ N',v,e N, pand i=34,...n}.

Now, we discuss it according to the listed classes.

Case 1: veV'. Let w=[vo,Vi,...,Vi.1,V1,Vis1,...,Vn] € N(v), where v;e N'. Then wel,

W € E( S,). Which contradicts that v, w are nonadjacent, for each vertex we L.
Case 2: ve V'"". The proofis similar to case 1.

Case 3: ve V". Let w=[va,v1,...,Vi.1,Vi,Vis1,...,Vn] € N(v), where v;e N'and vie N'".

Then wel, vw e E(S,). It is a contradiction. O

According to the size of N'and N'', we get the following result
| I|=(n*/4)(n —2)!, if n is even and | I |=(n*— 1/4)(n —2)!, if n is odd.
Lemma 12. Let L'= {[x,y, p3....pou] | x,y€ N', x= 1,3,5,...,|_n/2j,
y=x+1,p;eN,,andi=3,4,...n}, then L' is an independent set of S,.
Proof. For each vertex u, ve L', let u=[xy, y1, p3...p,] and v=|[xz2, y2, p3..., pal.
Suppose, to the contrary, that L' is not an independent vertex set of S,. Then an edge

uv exists in G[L']. Hence, v is either the 2-exchange neighbor of u or a 3-rotation

12



neighbor of u. If v is the 2-exchange neighbor of u, then x; =), and y; =x,. Since x;, x»

are odd and y,, y,are even, it is a contradiction. Otherwise, v is a 3-rotation neighbor of

u. Thus, y,=xj0r x,=y,. Similarly, it contradicts that x;, x, are odd and y,,y,are even.
Therefore, L' is an independent set of S,,. o

Lemma 13. Let L"={u|ve L',ueEJ(Vv)}, then L'" isan independent set of S,.
Proof. Since L' is isomorphism to L', thus L'" is an independent set of S,. An
independent edge set in a graph G is an edge set E' < E(G) that each edge contains no
common vertex of G, that is to say G[ E'] has no cycle.

Lemma 14. Let L"={u|vel',uecE(v)}, then G(L' U L") is an independent

edge set in S,,.

Proof. For each vertex u, ve L', s, we L'". s is a 2-exchange neighbor of # and w is a
2-exchange neighbor of v .We assume that usand vw have a common vertex . Let u=
[X1, Y1, P3--es Pul, S=[V1, X1, P3--., Pul, V=[X2, Y2, P3..., pn]l and w=[y2, X2, p3..., pal.
Without loss generality let s=v be the common vertex of usand vw. Then, y1=xzand
X1 = y». Since u, ve L' and x; # y1 # xo # y2. It is a contradiction.

|

A star is K, , for some n>2. A doubled-rooted star (DRS) is the union of 2 K, ,,, plus
an edge between 2 vertices with maximum degrees. For example, Figure 5 (@) there are
two K, 5 and Figure 5 (b) is double-rooted star constructed from 5 (a) with one more

edge.

Figure 5 (a)

13



Figure 5 (b)

Lemma 15. G(L'v L" Ul ) is acyclic and G(L'v L'" U[ )is a union of disjoint
double rooted stars.

Proof.  Let u=[p1, p2, p3..., pu]l€l. If p;is odd (even), then there exists a unique
pi€ N'and p,=p,+1 (pi=p1—1) such that v=|p;, p1, p3,...pi-1, P2 Pi+1,--Pn] € L'" (L"),
respectively. Then, v and its 2-exchange neighbor are the roots of a double-rooted star.
Since each u€/ is uniquely connected to a double-rooted star, G(L'w L" Ul ) is a
union of disjoint double rooted stars. Thus, G( L' v L'" u I ) is acyclic.
O

Lemma 16. Let L'"'= {[n,n—1,ps...,psl | [m,n—1, p3..., pu] N Ap, pi€Nyni , and
i=34,...n},and I'cl, I'= {[ pi,n, p3s....pn] | p1€ N', pie Ny, and i=34,...n},
then N(L"'YNn1 < I'.

Proof. Let N(L"'")NnI=T v I',, where

I'iv=A{[n—1,pi, p3,...pi-1, N, Pi+1-., Pu] | Pi€ Np-1,n, i=3,4,...n} and

2= A{lpi, n, p3,..pi1, 1 —1, pisi..., pu] | Pi€ Nu-ton, i=3.,4,...0} .

Therefore, N(L'"" )N I=(1"1n1) U(I'2n1I). Now, we want to compute [' ;" 7, i=1,2,
to complete the proof. Since n —1€N', (I'1nI)=¢. To find T'2n1I, ToniIc '
because p;e N'and ne N'". Thus N(L'"")nIc I'. 0

Lemma 17. For any two distinct vertex a, be L', let Nr(a)=N(a)n I', Ny (b)=N
(b)n I', then Ny (a) N Np (b)=¢.

Proof. Leta=[n,n—1, as,...,a,] and b=[n,n —1, bs,...,b,].Since

14



Ni(a), Np(b)c I', therefore Ny (a)=[a;, n,as,.. a.i, n —1, ai+;..., a,], a; € N'and Ny (b)
=[bj, n, b3,...bj.1,, n—1, bj+;..., b,], bje N'.Let for any s be the common neighbor of a
and b, then s={py, n, p3,...Pik-1, B— 1, Prs1..., pnl, pi€ N'.For such the position of n —1
that i=j=k and a;=py=>b;, ai.1=pi1=>bj.1, aix1=pi+1=>b;+1 . It implies that a=b, but it
contradicts to

a#+b, thus Ny (a) Ny (b)=¢. 0

Lemma 18. G(L'v L" U L"") contains no cycle in S,.

Proof. Let v=[n,n—1, ps,..., p,] € L'"". For each ue N(v), there are three possible
forms of u in the following.

Case(1): u=[n—1,n,ps,...,p,). Sincen —1 andn &€N', u €L U L".

Case(2): u=[n—1,p;, p3,...pi-t, N, Pi+1..., pu]. Sincen —1 EN' , u &L U L".

Case(3): u=[pi, n, ps,...pi1, n—1, pir1..., pa]. Since nEN' , u &L U L". 0
Lemma 19. [If ue L' then u can connect to at most one vertex v in each double
rooted star of G(L' v L" U I').

Proof We define //;, i:1,3,5,...|_n/ ZJ, denote the set of double rooted star which
roots are labeled with [i, i+1, ps,..., p,] and [i+1, i, p3,..., pa]. Let u=[n,n —1, ps,..., p,]
e L'"". For each ve N(u), there are three possible forms of v in the following.

Case(1): v=[n—1,n, ps,..., ps]. Since n —1€N', vE&L U L" U I'. That is to say u
does not adjacent with any vertex of G(L' U L' U I').

Case(2): v=[n—1,p;, p3,...pi-1, 1, Pi+1..., Pu]- This proof is similar to

case (1).

Case(3): v=[p;, n, p3,...pi-1, n— 1, pit1..., ps]. If v is in no DRS, then u does not adjacent
with any DRS. ve /], if p; is odd and ve //,; 1, otherwise. For each //;, since the
second symbol of each roots is less than n, v is not a root. By the construction of //;,
there are exactly two leaves vi=|[i, n,
X3, X4,...Xy] and v,=[i+ 1, n, x3, X4,...x,] with the permutation that the second symbol is
n. since v; #* v, , either v; or v, 1is the only neighbor of u.

|

Theorem 20. G(L'v L" Ul v L'"")is acyclic.

15



Proof. By lemma 15 G(L' U L'" Ul[)is acyclic and by Lemma 19, u can connect to at
most one vertex in each DRS. Thus, there is no cycles in G(L'v L"ul U L'"").
m
Based on the Theorem 20, we give the following algorithm for solving the feedback
vertex set problem in the undirected split-stars.
Algorithm FUS
Input: An undirected split-star S,,.
Output: A feedback vertex set of S),.
Method:
Step 1: I={[x,y, p3,....pn] | x€ N',ye N",p;eN,,and i=34,...n}.
L'={[x,y, p3....pu] | x, ye N', x=1,3,5,...,|_n/2j, y=x+1, pieN,, and i
=3,4,...n}.
L"={u|vel,ucE(v)}.
L ={[nn—1, ps..., pal | [m,n—1, ps..., pal O\ An, i€ Ny , and i=
34,...n}.
Step2: S=7 oL U L"UL".

Step 3:  output S.

Since G(L' v L" Ul U L"")isacyclic, G(L'v L" Ul U L'"")is a feedback vertex

set, we immediately have the following result.
Theorem 21. u( S,) <n!— [(n*+2n/4)(n—2)! + (n —2)1/2], if n is even.
w( Sy) < n!l—[(n*—142n /4)(n—2)! + (n —2)!/2], if n is odd.

Any connected acyclic graph must be a tree. To determine a given simple graph G is
acyclic or not, we make use of the relationship between number of vertices and edges in
each component of G. Furthermore, the following lemma applied to find the lower
bound of the undirected spilt-stars.

Lemma 22. Let G be a simple graph. G is cyclic, if |V(G)|<|E(G)|.
Proof. Without loss of generality, we may assume G is connected. Otherwise there is a
cycle in a small component (by induction). If G does not contains a cycle, the G is a

tree then |E(G)|=|V(G)|— 1. O
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An edge is called outer-edge if the endvertices of this edge belong to two different
substars and the cardinality of outer-edges of some vertex v is the outer-degree of v.
Otherwise, an edge is called inner-edge if the endvertices of this edge belong to the
same substars and the cardinality of inner-edges of some vertex v is the inner-degree of
v. For example, Figure 2 shows the 24 outer-edges in S 4. Let we denote the degree of v
in graph G by degg(v).

Lemma 23. u(Ss) >11.

Proof. The 4-dimensional split-star graph S4 can be recursively constructed by four
3-dimensional split-star as its subgraph, named S3, and each S; contains two vertex
disjoint 3-cycles. To count the cardinality of the 3-cycles in S4, it can be seen that since
each vertex inS4 incidents with two 3-cycles and each 3-cycle is repeatedly counted
three times, there are totally sixteen 3-cycles in Ss. For each vertex disjoint 3-cycle, we
must delete at least one vertex to ensure the acyclic, and so this vertex results in two
3-cycles be broken. Then each vertex in S; is forced to loss its degree by 2, for the
removal of the two cycles, which the vertex belongs. Therefore, each vertex has one or
two inner-degree less than the original vertex, because they have to adjacent to at least
one of the two vertices deleted. We find the out-degree of each vertex in Sy is two. Since
each vertex incidents with two 3-cycles and if we delete eight vertices for each vertex
disjoint 3-cycle then we discredit sixteen 3-cycles. So the out-degree less than or equals
to one for each vertex u in the remaining graph. It is clear deg(u)<2+1=3
and u(S,) 2 8. After we prune eight vertices in S, there are at least 20 edges and 16
vertices left. By Lemma 22, there still exists cycles in the remaining graph. Then, we
further delete vertices to let the remaining graph to be acyclic. For each vertex u with
degree 3, since u is adjacent with at most one vertex in S; with degree 3, there are at
most two neighbors of u with degree 3. So, we first remove one of the eight vertices, v,
with degree 3, and then there are at least five vertices with degree three exist in the
remaining graph. Furthermore, we delete another vertex v, with degree 3. There remain
two vertices with degree three. Again, we can cancel one of these two vertices to break
all the cycles of the remaining graph. Thus, the remaining graph is acyclic and
w(Ss)=>11. =

Theorem 24. n>4, u( S,)=(11/24)n!

Proof  In order to break cycles in Ss, we have to delete at least 11 vertices. The labels
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of deleted vertices are in the following: [3124], [3142], [4123], [4132], [3214], [3241],
[4213], [4231], [3412], [3421] and [4312]. For |V(S4)|=24 and u(Ss)=11. Again, since

there are n! /4! copies of Sy in S, for n>4, and in each copy, we need to delete at least

eleven vertices. Then results wS,) = (mlahx11 = (11/24)n!.

|

5. The Feedback Vertex Set of undirected Alternating Group Graphs

The constructions of undirected alternating group graphs are the same as directed
alternating group graphs except that the direction of every edge is bi-directional. For
simplicity, we discard the arc’s directions of undirected alternating group graphs. Figure

6 depicts example of A4 .

1342 2143
3241
2431 4321
4132 1423
1234 3124
2314
3412 . 4213
Figure 6: A4

Here, we also use the result of independent set of spilt-star to implement the
alternating group graphs.
Lemma 25. Let! ={[a,b, ps3...ps] | ae N',bye N", pie N,» and
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i =3,4,...n} and vertex set I is an maximal independent vertex set of A,.
Proof. Since Ic V( A,), we immediately show that for any two vertices u, v€ I,
vertices u, v are not adjacent. Suppose, to the contrary, that / is not an independent
vertex set of S,. Then an edge uv exists in G[I]. Let
u={{uurus...uy] |ure N', upe N"and u;€ Ny1p and i=3,4,...n } and
v=A{[vivavs...v,] | vie N', ve N", vie N,nand i=34,...n}. Hence, v is either the
2-exchange neighbor of u or a 3-rotation neighbor of u. If v is the 2-exchange neighbor
of u, then vi=u,, and vo=u;. Since vie N',

ue N'"and N' N N'" = ¢, it is a contradiction. Otherwise, v is a 3-rotation neighbor
of u. Thus, v,=u;or vi=u,. Similarly, it contradicts that N' N N'"' = ¢.

Furthermore, we shall prove that / is maximal. Suppose, to the contrary, that / is not
a maximal independent set of 4,. Then, there exists a vertex ve V( 4, )\ I and /U {v} is
also a independent set of 4, . That is to say, u and v are nonadjacent, for each ue /. Let u
={[uurus...u,] | 1€ N', upe N"and u;€ Ny1,p and i=3,4,...n }. Since vegl, v
belongs to one of the following three vertex sets.
(1) V'={[vivavs...vy] | vie N'and v,e N',v;e N, pand i=3,4,...n},
(2) V"' =A{vivys..va] |vie N'and v,e N, vie Nyipand i=3,4,...n},
3) V" ={[vivavs...vy] | vie N'"and v,€ N', vie Nyipand i=34,...n}.

Now, we discuss it according to the listed classes.

Case 1: veV'. Let w=[vo,Vi,...,Vi1,V1,Vit1,...,Vn] € N(v), where v;e N'"'. Then wel,

W e E(S,). Which contradicts that v, w are nonadjacent, for each vertex we L.
Case 2: ve V""", The proof is similar to case 1.

Case 3: ve V'". Let w=[vo,vi,...,Vi1,Vi,Vit1,...,Vn] € N(v), where v,e N'and v;e N'".
Then wel, ww e E(Ay). It is a contradiction. O
Based on the theorem 20 and Lemma 25, we give the following algorithm for

solving the feedback vertex set problem in the undirected alternating group graphs.
Algorithm FUA

Input: An undirected alternating group graphs 4,,.

Output: A feedback vertex set of 4,,.
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Method:
Step 1: I={[x.,y, p3,....pn] | x€ N',ye N",p;eN,, and i=34,...n}.

L'={[x,y, p3....pou] | X, ye N, x=1,3,5,...,|_n/2j, y=x+t1, pieN,, and i
=3,4,...n}.

L"={u|ve L', ueE(v)}.

L'"'={[n,n—1, p3s..., pul | [n,n—1, p3..., pu] NAp, pi€Npn; , and i=
3.4,...n}.

Step2: S=1 L' U L"vUL".

Step 3:  output S.

| I|=(n*/4)(n—2)/2, if nis even and | I |=(n*— 1/4)(n—2)!/2, if n is odd.

By Theorem 20, we have shown that G(L'u L'" Ul U L") is acyclic. Since
G(L'u L"ul u L") is acyclic, G(L'v L"ul v L'"") is a feedback vertex set, we
immediately have the following result.

Theorem 26. u( 4,) < n!/2—[(n*/4)(n—2)!/2+ (n—2)!/4], if n is even.
w( Ay) < nl/2—[(n*—1/4)(n—2)!1/2+(n—2)!/4], if n is odd.

We also make use of the relationship between number of vertices and edges in each
component of 44 to find the lower bounds of the undirected alternating group graphs.

To decide the lower bound of the feedback vertex number, By Lemma 22 and
Lemma23, an important observation is established as follows. In A4, the graph is exactly
covered by 4 disjoint vertex 3-cycles. To break all cycles of 4 4, we discard four vertices,
a vertex for each disjoint cycle, at first. And cycle does not survive in any 4 ;. It is clear
that 14(A4,) = 4, and since there are 24 edges in 4 4 it is easy to see that there are at least
8 edges left. To cut the remaining cycles, one edge should be pruned at least, because
there are 8 vertices survived in the remaining graph. Therefore, it is necessary to remove
one vertex in the remaining graph to break all cycles of A4. Thus, u(A,)=5and the
lower bound of A4,, is built as follows.

Theorem 27. n>4, u( A,)=(5/24)n!
Proof  To break cycles in 44, we have to omit at least 5 vertices. The labels of deleted

vertices are in the following: [3124], [4132], [3241], [4213] and [3412]. For |V (44)|=12
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and u(A44)=5. Again, since there are n! /4! copies of A4 in A, for n>4, and in each copy,
we need to delete at least five vertices. Then results w(A4,) > (n!/4!)x5=(5/24)n!.

d

6. Concluding Remarks
A recent line of research on polynomially solvable cases focuses on special
undirected graphs having bounded degree and that are widely used as connection

networks, namely meshes and toroidal meshes,

Butterflies, toroidal butterflies, and hypercubes. In meshes and toroidal meshes, Luccio
[10] obtained the upper bounds on the size of the minimum feedback vertex set. These
bounds either match the lower bounds or are very close to them. For butterfly graphs,
Luccio [10] found both bounds to the size of a minimum feedback vertex set. Similar

results to those obtained for butterflies can also be obtained for toroidal butterflies.

Spilt-stars, an alternative to the star graphs, are companion graphs to alternating
group graphs. These graphs have many advantages over the n-cubes. Recently, Cheng et
al. [1] proposed an orientation to the spilt-stars and the alternating group graphs. They
showed that the oriented graphs are maximally arc-connected and have small diameters.
In this thesis, we study the feedback vertex set problem on directed and undirected
spilt-stars and alternating group graphs separately. At the first part, the upper and lower
bounds to the feedback vertex set for the directed spilt-stars and alternating group
graphs, respectively, are determined. At the second part, we give the both bounds to the
undirected spilt-stars and alternating group graphs by expanding maximal independent
sets, respectively, to decide the feedback vertex sets.

In the construction of the remaining graph, discard the feedback vertex set from the
given undirected graph, we add a specified maximal independent set with undirected
other vertices. However, the independent set we used is not maximum. Further, a natural
question to ask a maximum independent set to increase the size of feedback vertex set is
our next research. And we can also study the feedback vertex set for the other

topologies such as multi-mesh or star graph.
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