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All graphs considered in this paper are finite, undirected, without loops or multiple edges.

of graph G, respectively. A Hamiltonian path (resp. cycle) is a simple path (resp. cycle) that passes
through each vertex of a graph G exactly once. The Hamiltonian path (resp. cycle) problem involves
testing whether a Hamiltonian path (resp. cycle) exists in a graph. It is well known that these two

problems are NP-complete for general graphs [18], and NP-complete even for special classes of graphs
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Let
G = (V, E) be a graph. Throughout this paper, let m and n denote the numbers of edges and vertices



such as bipartite graphs [29], split graphs [19], circle graphs [15], and grid graphs [27], etc. We refer
to the first and last vertices visited by a path P as end vertices of P. A Hamiltonian path of a graph
G with respect to a subset T of vertices, |7| < 2, is a Hamiltonian path P of G such that all vertices
in 7 are end vertices of P. Given a graph G and a subset 7 of vertices, the constrained Hamiltonian
path problem involves testing whether a Hamiltonian path of G with respect to 7 exists. Hamiltonian
path problem is the special constrained Hamiltonian path problem where 7 is empty. Nicolai referred
to the special constrained Hamiltonian path problem with |7| =1 or |7| = 2 as 1HP problem or 2HP
problem, respectively [31].

A connected graph is distance-hereditary if the distance between every two vertices in any connected
induced subgraph is the same as in the original graph. Distance-hereditary graphs were introduced
by Howorka [22], who gave the first characterization of these graphs. Bandelt and Mulder gave a
constructive characterization which shows that a distance-hereditary graph can be constructed from
an isolated vertex by adding vertices one by one through those operations called one vertex extensions
[1]. Furthermore, Hammer and Maffray proposed a linear time recognition algorithm, which constructs
a sequence of one vertex extensions for a distance-hereditary graph [21]. Chang et al. gave a recursive
definition for distance-hereditary graphs [8]. Further properties and optimization problems in these
graphs have been studied in [1, 3, 4, 6, 7, 16, 25, 32, 33, 34]. Distance-hereditary graphs are a subclass
of parity graphs [9] and a superclass of cographs [10, 11] and Ptolemaic graphs [23].

Nicolai presented first polynomial time algorithms for the constrained Hamiltonian path problems
on distance-hereditary graphs [31]. Nicolai showed that Hamiltonian cycle and 2HP problems on
distance-hereditary graphs can be solved in O(n?) time. This leads to O(n?) and O(n®) time algorithms
for 1THP and Hamiltonian path problems on distance-hereditary graphs, respectively. An algorithm
for 2HP problem can be used to solve 1HP and Hamiltonian path problems on distance-hereditary
graphs in O(n*) and O(n®) time, respectively, by a trivial reduction technique that reduces both 1HP
and Hamiltonian path problems to 2HP problem. In [26], we proposed an O(n?) time algorithm for
Hamiltonian cycle problem on distance-hereditary graphs. Recently, Hsieh et al. solved Hamiltonian
cycle problem on distance-hereditary graphs in O(n + m) time [24]. But, it does not imply that the
constrained Hamiltonian path problems on distance-hereditary graphs can be solved in O(n + m)
time. By the reduction of Nicolai, it seems that the constrained Hamiltonian path problems are more
difficult than Hamiltonian cycle problem on distance-hereditary graphs. Whether the constrained
Hamiltonian path problems on distance-hereditary graphs can be solved in linear time is still open. In
this paper, we shall present linear time algorithms to solve the constrained Hamiltonian path problems
on distance-hereditary graphs.

Courcelle et al. [12] first introduced the notion of the clique-width of graphs. The clique-width of
a graph G is defined as the minimum number of labels needed to construct G, using the four graph
operations: creation of a new vertex with label ¢, disjoint union, connecting vertices with specified
labels and renaming labels. For more background on clique-width, we refer the reader to [12], [14].
Clique-width bounded graphs are especially interesting from algorithmic point of view. A lot of
NP-hard graph problems can be solved in polynomial time for graphs of bounded clique-width if an
expression for the graph is explicitly given. A graph problem P on bounded clique-width graphs is

said to be an MS; problem if it can be defined by a monadic second order logic (MS-logic) formula,



using quantifiers on vertices but not on edges. And, P is called an MSy problem if it is definable
in MS-logic formula with quantifiers on vertices and edges. In [13], Courcelle et al. proved that all
MS; problems on clique-width bounded graphs can be solved in linear time. But, this result can
not be applied to MSs problems. Note that Hamiltonian path problem is not one MS; problem.
Recently, Espelage et al. proposed polynomial algorithms to solve some problems which are not MS;
problems on clique-width bounded graphs [17]. They solved Hamiltonian path problem for graphs
with bounded clique-width k in O(nkz) time. Furthermore, Golumbic et al. have shown that every
distance-hereditary graph has clique-width at most 3 [20]. Hence, the algorithm in [17] for Hamiltonian
path problem on distance-hereditary graphs runs in O(n?) time.

Following the above introduction, we know that the best previous algorithm for Hamiltonian path
problem on distance-hereditary graphs runs in O(n°) time. In this paper, we demonstrate that the
reduction technique used in [5, 26, 31] can be extended to solve the constrained Hamiltonian path
problems on distance-hereditary graphs. We show how to reduce an instance of the constrained
Hamiltonian path problem on distance-hereditary graphs to a smaller instance of the same problem.
Our algorithm runs in O(n+m) time. Using the reduction technique in [26] that reduces Hamiltonian
cycle problem on distance-hereditary graphs to the same problem on distance-hereditary graphs,
we have an O(n + m) time algorithm for Hamiltonian cycle problem on distance-hereditary graphs.
Moreover, we can construct a Hamiltonian cycle and a constrained Hamiltonian path in the same time

bound if they exist.

2 Preliminaries

Graph terminology and notation used in this paper are standard, see Bondy and Murty [2]. Suppose
A is a set of vertices in a graph G = (V, E). Let G[A] denote the subgraph of G induced by A. Let v
be a vertex of G. We denote the (open) neighborhood of v, consisting of all vertices adjacent to v in
G, by N(v), and the closed neighborhood of v, the set N(v) U {v}, by Nv]. The (open) neighborhood
of A, denoted by N(A), is the set of vertices in G that are adjacent to some vertex in A. The closed
neighborhood of A in G, denoted by N[A], is N(A) U A. Two disjoint vertex subsets A and B of a
graph G are joint if every vertex of A is adjacent to each vertex of B.

For a graph G, we use V(@) and E(G) to denote the vertex set and edge set of graph G, respectively.
A path cover P of a graph G with respect to a subset 7 of V(G) is a set of pairwise vertex disjoint
paths of G such that all vertices are visited by a path in P and all vertices in 7 are end vertices
of paths in P. A minimum path cover of G with respect to 7 is a path cover of G with respect to
7 of minimum cardinality. Let 7(G,7) denote the cardinality of a minimum path cover of G with
respect to 7. For simplicity, we will use m(G) to denote n(G,T) if T is empty. Given a graph G and
a subset 7 of vertices, the constrained path cover problem involves finding a minimum path cover of
G with respect to 7. The path cover problem is a special case of the constrained path cover problem
where 7 is empty. And the constrained Hamiltonian path problem is a special case of the constrained
path cover problem. Given a minimum path cover P of G with respect to 7, and a number d where
m(G,T) < d <|V(G)|, we can obtain a path cover P’ of G with respect to 7 where |P’| = d easily by
splitting paths of P. Thus the following lemma is obvious.



Lemma 2.1. For a graph G and a subset T of vertices, there exists a path cover P’ of G with respect
to T such that |7(G,T)| <|P'| < |V(G)].

Chang et al. have shown that distance-hereditary graphs have a graceful characterization [8]. The
characterization makes use of the concept of twin sets. Every distance-hereditary graph has a twin
set that is a subset of vertices. We use T'S(G) to denote a twin set of a distance-hereditary graph G

in the following.

Definition 1. [8] The class of distance-hereditary graphs can be defined by the following recursive
definition:

(1) A graph K; is a distance-hereditary graph and the twin set of K7 is the vertex of K.

(2) If Gy and G9 are distance-hereditary graphs, then the union G of G; and Gs is also a distance-
hereditary graph and T'S(G) = T'S(G1) UTS(G2). In this case, we say that graph G is formed from
G1 and G2 by false twin operation.

(3) If G; and Go are distance-hereditary graphs, then the graph G obtained from G; and G3 by
connecting every vertex of T'S(G1) to all vertices of T'S(G3) is also a distance-hereditary graph and
TS(G) = TS(G1) UTS(G2). In this case, we say that graph G is formed from Gy and G3 by true
twin operation.

(4) If G1 and G5 are distance-hereditary graphs, then the graph G obtained from G; and G3 by
connecting every vertex of T'S(G1) to all vertices of T'S(G>) is also a distance-hereditary graph and
TS(G) = TS(G1). In this case, we say that graph G is formed from G; and Gy by attaching graph
G2 to graph G1 (called pendant vertex operation). O

By the definition above, a binary ordered decomposition tree of a distance-hereditary graph G can
be constructed in linear time. In the decomposition tree, each leaf is a single vertex of G and each
internal node represents one of the tree operation, pendant vertex operation P, true twin operation
T, and false twin operation F'. The decomposition tree is called a PTF-tree PT(G) of the distance-
hereditary graph G. Let H, Hi, and Hs be subgraphs of G. If H is formed from H; and Hs by a
P (resp. T, F') operation, then the root of PT(H) is a node labeled as P (resp. T, F) and the left
and right subtrees of the root are PT'(H;) and PT(Hs), respectively. Note that PT(G) is a binary
ordered tree. For instance, Figure 1(b) depicts the corresponding PTF-tree of a distance-hereditary
graph shown in Figure 1(a). Clearly, a PTF-tree of a distance-hereditary graph can be constructed in
O(n +m) time. In the following, we assume that the PTF-tree PT(G) has been constructed.

We will refer to the internal node labeled by u as u-node in PT(G) where u is either P, T', or F.
The subtree of PT(G) rooted at node u is denoted by PT[u]. For each internal node u of PT(G), we
denote by G(u) the representative graph of PT[u], and denote by u; and u, the left and right child

nodes of u, respectively.

Definition 2. Let PT(G) be a PTF-tree of a distance-hereditary graph G. Let S = {ug, u1,- - ,un—2}
be the ordered set of internal nodes by a breadth-first search on PT(G). Define an internal node u;,
0 <i<n-—2,of PT(G) to be a final pendant node if and only if u; is a P-node and each u;, j > 1,

is either a T-node or a F-node. O

For a distance-hereditary graph G, we partition V(G) into four disjoint subsets X, Y, Z, and T
as follows. Let u be the final pendant node of PT(G). Initially, Z = @, T = @, X = V(G(w)),
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Figure 1: (a)A distance-hereditary graph G, and (b)The corresponding PTF-tree of G.

and Y = V(G(u,)). Then, we visit the ancestor of u in PT(G) bottom up. Let w be the node
currently visited. Note that we assume that T'S(G(w)) has computed if we visit node w. If w is
a F-node, we do nothing. If PT[u] is a subtree of PT[w;], then Z = Z U T'S(G(w,)); otherwise,
Z = ZUTS(G(w)). Repeat the above process until w is the root of PT(G) or X € TS(G(w)).
Finally, we set T = V(G) —{X UY U Z}. For example, X = {vs,v9}, Y = {vs,v10}, Z = {v1,v5},
and T = {vg, va, v3, Vs, v7} for the PTF-tree shown in Figure 1(b).

The following lemma gives some characterizations of vertex subsets obtained by the above pro-
cedure and can be easily verified by Definition 1. In the following lemma, X,Y, Z, and T are four

disjoint subsets of vertices obtained by the previous paragraph.

Lemma 2.2. Let XY, Z and T be the four disjoint subsets of vertex set V' of a distance-hereditary
graph G. Then the following three statements hold.

(1) X and Y are joint, and X and Z are joint;

(2) None of Y is adjacent to any vertex of V\ (X UY);

(3) None of X UY is adjacent to any vertex of T.

It is clear that either X or Y induces a cograph. Furthermore, X UY induces a cograph, too. Note
that G is disconnected if Z = @ and T # &, and G is a cograph if Z = @ and T = @.

In the rest of the paper, assume G = (V, E) is distance-hereditary graph, X,Y, Z, and T form a
partition of V satisfying Lemma 2.2 and Z is not empty. To simplify notation, denote X UY by S
and ZUT by W, respectively. By Lemma 2.2, we have N[Y] C S, N[X] C (SUZ), X and Y are
joint, X and Z are joint, X induces a cograph, and Y induces a cograph.

For a subset U of vertices of G, we say that a path P of G is a U-path if P has all its vertices in
U. A subpath P’ of path P is U-mazimal if P’ is a U-path and is not a proper subpath of any U-path
of P. Denote the set of all U-maximal subpaths of P by U,,(P). For example, X,,(P) is the set of
all maximal X-paths of P, W,,,(P) is the set of all maximal W-paths of P, and Y,,(P) is the set of



all maximal Y-paths of P. We call the first and last vertices visited by P the path-start and path-end
of P, denoted by PathStart(P) and PathEnd(P), respectively. Both of them are end vertices of P.

We call a W-path a zW z-path if its two end vertices are in Z. We call a path cover P of G[W] a
2W z-path-cover with respect to 7 if

(a) all vertices in 7 N W are end vertices of paths in P, and

(b) all end vertices of paths in P are in either Z or 7.
Similarly, we define a path cover P of G[X] (resp. G[Y]) with respect to 7 to be a path cover of G[X]
(resp. G[Y]) if

(a) all vertices in 7 N X (resp. 7 NY') are end vertices of paths in P, and

(b) all end vertices of paths in P are in either X (resp. Y') or 7.

Lemma 2.3. Assume |T| < 2 and P is a Hamiltonian path of G with respect to T. Then, X, (P)
and Yy, (P) are path covers of G| X] and G[Y], respectively, with respect to T .

Lemma 2.4. Assume P is a Hamiltonian path of G with respect to T. Then, Wy, (P) is a zW z-path-
cover of GIW] with respect to T .

Proof. By definitions. Q.E.D.

Lemma 2.5. Assume |T|<2,t1 =|TNX]|, ta=|TN(V\X)|, and P is an Hamiltonian path of G
with respect to T. Then, | Xm(P)| +1—t1 > [Win(P)| + Yo (P)| > | X (P)] + t2 — 1.

Proof. By definitions. Q.E.D.

Lemma 2.6. Suppose |T| <2,t, =|TNX|, ta =|TN(V\X)|, GIW] has a zW z-path-cover B with
respect to T, G[X] has a path cover D with respect to T, G[Y] has a path cover F with respect to T,
and |D|+1—1t1 > |B|+ |F| > |D|+t2 — 1. Then G has a Hamiltonian path with respect T .

Proof. We can prove this lemma by showing how to obtain a Hamiltonian path of G with respect to
T from B, F and D. Due to the space limitation, the proof is omitted. Q.E.D.

Based upon the above two lemmas, the basic ideas of our algorithm to find a Hamiltonian path
of G with respect to 7 is to find a zW z-path-cover B of G[W] with respect to 7, a path cover D of
G[X] with respect to 7, and a path cover F of G[Y] with respect to 7, satisfying the condition that
|ID|+1—t1 > |B|+ |F| > |D|+t2 — 1 where t; = [T N X| and ¢t = |7 N (V \ X)|. Since both G[X]
and G[Y] are cographs, we can find path covers of them with respect to 7 easily. But it takes us some
efforts to find a zW z-path-cover of G[W] with respect to 7.

Definition 3. Assume k1 > k2 and k1 > 1. Let H be the graph that V(H) = TU K and E(H) =
{(u,v)|u,v € K} where k1 = |K|+|I| and |I| = kg — 1. Graph G*(k1, k2) is obtained from G[W] and
‘H by making Z and V(H) joint. In other words, G*(k1, k2) is the graph G* where V(G*) = WU X',
X' = IUK, |X'| = k1, [I| = ks — 1, B(G*) = E(GIW]) U Eg-(Z,X') U E(H), and Eg-(Z,X') =
{(u,v)|u € Z,v e X'}. O

We will refer to G*(k1, ko) as G* in the rest of the paper if k1 and k2 are understood without ambi-

guity. By definition, we have the following observations: G*[X'] consists of k2 connected components.



I is a set of k3 — 1 isolated vertices in G*[X'] and G*[K] is complete. Furthermore, 7(G*[X'],T) = K2
if |7 N X’| < 2. Notice that I = & if kg = 1.

Lemma 2.7. Assume |T| <2, k=1|T NX'|, and P’ is a Hamiltonian path of G* with respect to T .
Then there exists a zW z-path-cover B of GIW| with respect to T such that k1+1—k > |B| > ko+1—k.

Proof. By definition, X/ (P’) is a path cover of G*[X'], W,,,(P’) is a zW z-path-cover of G*[W].
If k = 2, then | X! (P')| = |Wm(P')| + 1. If k = 1, then |X/,(P")| = [Wm(P')|. If k = 0, then
| X, (P)| = [Wn(P")| — 1. Hence, we have that | X/, (P")| = [W(P')] —1+k for 2 > k > 0. Let
B = W,,(P’). Tt is easy to see that B is also a zWz-path-cover of G[W]. Since k; = |X'| and
7(G*[X'],T) = K2, we have that k1 > | X/ (P')| = |B| — 1+ k > k2 by Lemma 2.1. Therefore,
k1+1—k>|B| = |Wy(P)| > ke +1—k. Q.E.D.

For simplicity, we use p,y and h to denote 7(G[X]), |Y|, and w(G[Y]), respectively, in the rest of
the paper.

3 The 2HP problem

Given a distance-hereditary graph G = (V, E) and a subset 7 = {s,t} of V, the 2HP problem is to
determine whether G has a Hamiltonian path such that both of its end vertices are in 7 or not. The
2HP problem can be classified into the following six cases: (1) {s,t} C Y, (2) s€ Y and t € W, (3)
seYandte X, (4) {s,t} CX,(5) s€ X andt € W, and (6) {s,t} CW.

We will prove the necessary and sufficient condition for reducing G to G* according to the above

six cases below.

Lemma 3.1. Assume T = {s,t} and T C Y. Then, G has a Hamiltonian path with respect to T
if and only if | X| > max{2,n(G[Y],T)}, and G*(k1,k2) has a Hamiltonian path with respect to T’
where k1 = | X | —max{0,7(G[Y],T) — 2}, ko =maz{2,p—y+2}, s €I, t' € K, and T' = {5, t'}.

Proof. Only if part:

Suppose P is a Hamiltonian path of G with respect to 7. For clarity, let z,, = | X (P)|, Ym =
[Yor (P)], wm, = Wi (P)], and hy = 7(G[Y],T). By Lemma 2.5, we have x,, = ym, + w, — 1. Since
| X| > @m > pand y > ym > max{2,ha}, we have |X| > max{2, ha} and |X| — max{2, ha} >
Tm — Ym > p — y. Hence, | X| — max{0, ho — 2} > wy, + 1 > max{2,p — y + 2}. Next we show that
G* has a Hamiltonian path with respect to 7’. By definition of G*, 7(G*[X']) = k2. By Lemma 2.1,
there exists a path cover D of G*[X'] of size w,, + 1 since k1 > wy, + 1 > Ko, Furthermore, |I] > 1
and |K| > 1 since k2 — 1 > 1 and k1 > 2. Therefore, there exist two vertices s’,¢' in X’ such that
sel, t' e K,and T’ = {s',t'}. Then we can construct a Hamiltonian path with respect to 7' of G*
from Wy, (P) and D easily.

If part:

Suppose P’ is a Hamiltonian path of G* with respect to 7/. W, (P) is a zW z-path-cover of G[W].
By Lemma 2.7, G[W] has a zW z-path-cover B where k1 —1 > |B| > k2 — 1. There are two cases:
Case 1: p > |B|+ha—1. Let f =p—|B|+ 1. It is easy to see that f > hy. Incase of p—y+2 < 2,
clearlyy > p > p—(|B|—1) = f. Incaseof p—y+2 > 2, |B|+1 > k2 = p—y+2. Hencey > p—|B|+1.



By Lemma 2.1, there exists a path cover F of G[Y] such that |F| = f since y > f > ho. By definition,
G[X] has a path cover D of size d = p. By Lemma 2.6, G has a Hamiltonian path with respect to 7'
since |B| + |F| = |D| + 1.

Case 2: p < |B|+ ha — 1. Since | X'| = k1 > |B| + 1, we have that | X| = |X'| + maz{0, hy — 2} >
(IB| + 1) + maxz{0, hg — 2} = |B| + maxz{1l,ha — 1} > p. By Lemma 2.1, there exists a path cover
D of G[X] such that |D| = |B| 4+ maxz{1, ha — 1}. By definition, there exists a path cover F' of G[Y]
such that |F| = maxz{2,h2}. By Lemma 2.6, G has a Hamiltonian path with respect to 7 since
|B| + |F| = |D| + 1. Q.E.D.

Lemma 3.2. AssumeT ={s,t}, s€Y andt € W. Then, G has a Hamiltonian path with respect to
T if and only if | X| > n(G[Y],{s}), and G*(k1, K2) has a Hamiltonian path with respect to T' where
k1 = |X|—=m(G[Y], {s}) + 1, k2 = maz{l,p—y+ 1}, s’ is any vertex in X', and T' = {s',t}.

Proof. Only if part:

Suppose P is a Hamiltonian path of G with respect to 7. For clarity, let z,, = | X (P)|, Ym =
Yo (P)], wm = |[Wn(P)|, and hy = n(G[Y],{s}). By Lemma 2.5, we have 2, = ¥m + wm — 1. Since
| X| > zm >pand y > ym > by, we have | X| —hy > T —ym 2 p—y, le, [ X|—h1 + 12> wy, >
max{l,p—y+1}. Hence, | X|—h1+1 > 1, thatis, | X| > hy. Next we show that G* has a Hamiltonian
path with respect to 7’. By definition of G*, 7(G*[X']) = k2. By Lemma 2.1, there exists a path
cover D of G*[X'] of size wy, since k1 > w,, > k2. We can construct a Hamiltonian path of G* with
respect to 7’ from W,,,(P) and D easily.

If part:

Suppose P’ is a Hamiltonian path of G* with respect to 7/. W,,,(P’) is a zW z-path-cover of G[W].
By Lemma 2.7, G[W] has a zW z-path-cover B such that k1 > |B| > k2. There are two cases:

Case 1: p > |B|+hy—1. Let f =p—|B|+1. It is easy to see that f > hy. Incaseof p—y+1 <1,
clearlyy > p > p—(|B|-1) = f. Incaseof p—y+1 > 1, |B| > ko = p—y+1. Hencey > p—|B|+1 = f.
By Lemma 2.1, there exists a path cover F of G[Y] such that |F| = f since y > f > h;. By definition,
G[X] has a path cover D of size d = p. By Lemma 2.6, G has a Hamiltonian path with respect to 7'
since |D| = |B| + |F| — 1.

Case 2: p < |B|+hy —1. Since | X'| = k1 > |B|, we have that | X| = |X'|+h1—1>|B|+h1—1>p.
By Lemma 2.1, there exists a path cover D of G[X] such that |D| = |B|+ h; — 1. By definition, there
exists a path cover F of G[Y] such that |F| = hy. By Lemma 2.6, G has a Hamiltonian path with
respect to 7 since |D| = |B| + |F| — 1. Q.E.D.

We can prove the following lemmas by arguments similar to those for proving Lemma 3.1 or 3.2.

Due to the space limitation, the proofs are omitted.

Lemma 3.3. Assume T = {s,t}, s € Y and t € X. Then, G has a Hamiltonian path with respect
to T if and only if | X| > n(G[Y],{s}) + 1, and G*(k1,k2) has a Hamiltonian path with respect to T’
where k1 = | X|—m(G[Y], {s})+1, ke = max{2,n(G[X],{t})—y+1},s € I,t' € K, and T' = {5, t'}.

Lemma 3.4. Assume T = {s,t} and T C X. Then, G has a Hamiltonian path with respect to T if
and only if | X| > h+2, and G*(k1, k2) has a Hamiltonian path with respect to T' where k1 = | X|—h,
ke =maz{2,7(GX],T) -y}, s e, e K, and T' = {s',t'}.



Lemma 3.5. Assume T = {s,t}, s € X andt € W. Then, G has a Hamiltonian path with respect
to T if and only if |X| > h+ 1, and G*(k1,k2) has a Hamiltonian path with respect to T' where
k1 = |X| = h, ko = max{l,7(G[X],{s}) — y}, s is any vertex in X', and T' = {s,t}.

Lemma 3.6. Assume 7 = {s,t} and T C W. Then, G has a Hamiltonian path with respect to T if
and only if | X| > h+ 1, and G*(k1, k2) has a Hamiltonian path with respect to T where k1 = |X|—h
and ko = max{l,p — y}.

4 The 1HP problem

Given a distance-hereditary graph G = (V, E) and a subset 7 = {s} of V, the 1HP problem is to
determine whether G has a Hamiltonian path P such that s is an end vertex of P or not. The 1HP
problem can be classified into the following three cases: (1) 7 CY, (2) 7 C X, and (3) T C W.

If 7 C X, we shall prove that |X| > h + 1 if G has a Hamiltonian path with respect to 7. If
7 CY, we shall prove that |X| > n(G[Y],7) if G has a Hamiltonian path with respect to 7. Then,
we consider the case of 7 C W. In this case, we have two subcases that | X| = h and | X| > h+ 1. We
will prove the necessary and sufficient condition for reducing G to G* according to the above cases

below.

Lemma 4.1. Assume T = {s} and T C Y. Then, G has a Hamiltonian path with respect to T
if and only if |X| > n(G[Y],T) and G*(k1,k2) has a Hamiltonian path with respect to T' where
k1 =|X|—m(GY],T)+1, kg =maz{l,p—y+1}, s € X', and T’ = {s'}.

Proof. Only if part:

Suppose P is a Hamiltonian path of G with respect to 7. For clarity, let z,, = | X (P)|, Ym =
|Yo (P)], wm = W, (P)], and by = 7(G[Y], 7). By Lemma 2.5, we have z, = Y + Wi, OF Ty, = Y +
Wy, — 1 depending on whether the end vertex of P other than s is in X or not. Hence, wy, = Ty — Ym
Or Wy, = Ty — Ym + 1. Since | X| >z, > p and y > Yy, > by, we have | X| —hy > Ty — Y =D — y.
Thus, | X| —h1 > wy, > maz{l,p—y} or | X|—h1+1>w, > maz{l,p—y+1}. In either cases, we
have | X| > hy and k1 > w,, > k2 — 1. By definition of G*, o(G*[X']) = k2. By Lemma 2.1, there
exists a path cover D of G*[X’] of size wy, or wy, + 1 since kK1 > Wy, > K OF K1 > Wy + 1 > Ko We
can construct a Hamiltonian path of G* with respect to 7’ from W;,(P) and D easily.

If part:

Suppose P’ is a Hamiltonian path of G* with respect to 7' = {s'}. W,,,(P’) is a zW z-path-cover
of G[W]. By Lemma 2.7, there exists a zWW z-path-cover B of G[W] with respect to 7' such that
k1+1—k>|B|>ky+1—kwhere2>k=|7NX'| >1. Then, we have k1 > |B| > k3 — 1. There
are two cases:

Case 1: p > |B|+hy. Let f=p—|B|. Incaseof p—y+1<1,clearlyy>p>p—|B|=f. In
case of p—y+1 > 1, we have |B| > k2 — 1 = p —y and hence y > p — |B| = f too. By Lemma 2.1,
there exists a path cover F' of G[Y] such that |F| = f since y > f > hy. By definition, G[X] has a
path cover D of size d = p. By Lemma 2.6, G has an G has a Hamiltonian path with respect to 7°
since |D| = |F| + |B|.

Case 2: p < |B| + hy. Since k1 > |B|, we have that | X| = |X'|+ hy —1 > |B|+ h; — 1. By Lemma



2.1, there exists a path cover D of G[X] such that |D| = |B| + h; — 1. By definition, there exists a
path cover F' of G[Y] such that |F| = h;. By Lemma 2.6, G has a Hamiltonian path with respect to
7 since |D| = |B| + |F| — 1. Q.E.D.

Lemma 4.2. Assume T = {s} and T C X. Then, G has a Hamiltonian path with respect to T if
and only if | X| > h+1 and G*(k1, k2) has a Hamiltonian path with respect to T' where k1 = | X | —h,
ke = max{l, 7(G[X],T) —y}, s € X', and T' = {s'}.

Proof. We can prove this lemma by similar arguments for proving Lemma 4.1. Due to the space
limitation, the proof is omitted. Q.E.D.

Lemma 4.3. AssumeT = {s}, T C W and |X| = h. Then, G has a Hamiltonian path with respect to
T if and only if G*(k1,k2) has a Hamiltonian path with respect to T' where k1 =1, ko =1, t' € X',
and T' = {s,t'}.

Proof. Only if part:

Assume P is a Hamiltonian path of G with respect to 7 = {s}. Since |X| = h > |X,(P)]
and |Y;,(P)| > h, we have 0 > |X,,,(P)| — |Yin(P)|. By Lemma 2.5, we have | X,,(P)| +1—1¢; >
Wi (P)] + |V (P)| where t1 = |7 N X|. Thus, 0 > | X, (P)| — |Yin(P)| = |[Wim(P)| — 1 + t1. Since
t1 > 0, we have 0 > |W,,,(P)| — 1 +t; > |[W,,(P)| — 1. Since W is not empty, we have |W,,(P)| = 1.
Let W, (P) = {Pw}. Note that one of end vertices of Py is in Z and the other end vertex of Py is
vertex s. Without loss of generality, assume PathStart(Py) € Z. Then ¢ Py is a Hamiltonian path
of G* with respect to 7' = {s,t'}.

If part:

Suppose P’ is a Hamiltonian path of G* with respect to 7’. Since |X'| = 1, |W;,(P')| = 1. Let
W (P') = {Pw}. One of end vertices of Py is s and the other end vertex of Py, is in Z. It is easy
to see that Py visits all vertices in W. Without loss of generality, assume P’ = Py t’ where t’ € X’.
Let P = {Py, P, -+, Py} be a minimum path cover of G[Y], |P| = h and X = {z1,22,--- ,2p}. Then
P* = Pyay1 Piags Poxs - - - Pp_12, Pp is a Hamiltonian path of G with respect to 7 = {s}. Q.E.D.

Lemma 4.4. Assume T = {s}, T C W and |X| > h+ 1. Then, G has a Hamiltonian path with
respect to T if and only if G*(k1,k2) has a Hamiltonian path with respect to T where k1 = |X| —h
and ko = max{l,p — y}.

Proof. We can prove this lemma by similar arguments for proving Lemma 4.1. Due to the space
limitation, the proof is omitted. Q.E.D.

5 The Hamiltonian Path problem

In this section we show how to reduce an instance of Hamiltonian path problem on distance-hereditary
graphs to a smaller instance of Hamiltonian path problem or 1HP problem on distance-hereditary

graphs.

Lemma 5.1. Assume W is not empty. If there exists a Hamiltonian path P of G, then | X| > n(G[Y)).
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Proof. Let T be the set of end vertices of P. By Lemma 2.5, we have | X,,(P)|+1—t1 > |[W,(P)|+
|Y.. (P)| where t; = [T N X]|. Since |X| > | X;n(P)|, 2 > t1 >0, |V (P)| > n(G[Y]), and |W,,(P)| > 1,
we have | X| > n(G[Y]). Q.E.D.

Lemma 5.2. Assume W is not empty and |T| < 2. If there exists a Hamiltonian path P of G with
respect to T where T NY = &, then |X| > n(G[Y]) + 1.

Proof. By Lemma 2.5, we have | X,,,(P)| + 1 —t; > |[Wp,(P)| + |Yin(P)| where t; = |7 N X|. By
definitions, 2 > ¢ > 0, | X| > | X, (P)], |[Wmn(P)| > 1, and |Y,,(P)| > 7(G[Y]). In case of 2 > ¢; > 1,
it is easy to see that |X| > n(G[Y]) + 1. Assume t; = 0. We have | X,,(P)| > |[Wi(P)| + |V (P)| — 1
and |7 NW| = 2. In other words, |W,,(P)| > 2. Thus |X| > n(G[Y]) + 1. Q.E.D.

Lemma 5.3. Assume W is not empty and | X| = w(G[Y]). Then, G has a Hamiltonian path if and
only if there exists a Hamiltonian path of G*(k1, k2) with respect to T = {s} where k1 = k2 =1 and

s is the only vertex of X'.

Proof. Only if part:

Assume P is a Hamiltonian path of G. Let T be the set of end vertices of P. Since |X| =
7(GlY]) > |Xm(P)| and |Y,,(P)| > w(G[Y]), we have 0 > |X,,,(P)| — |Y;n(P)|. By Lemma 2.5, we
have | X, (P)| +1 —t1 > [Wp(P)| + |Ym(P)| where t; = |7 N X|. Thus, 0 > |X,,(P)| — |V (P)]| >
W (P)] —141t;. Since t; > 0, we have 0 > |W,,,(P)| — 1 +t1 > |Wy(P)| — 1. Since W is not empty,
we have |W,,,(P)| = 1. Let W,,,(P) = {P};;}. Note that P}, is also a Hamiltonian path of G*[W] such
that at least one end vertex of Py, is in Z. Without loss of generality, assume PathStart(Pyy,) € Z.
Then sPj;, is a Hamiltonian path of G* with respect to 7 = {s}.

If part:

Suppose P’ is a Hamiltonian path of G*. Let 7 be the set of end vertices of P’. Since |X'| =1,

Wi (P')] = 1. Let Wy, (P') = {Pw}. By definition Py is a zW z-path. It is easy to see that Py visits

all vertices in W. Without loss of generality, assume P’ = Py s. Let P = {Py, Py, -+, P,} be a mini-
mum path cover of G[Y], |P| = hand X = {z1, 22, -+ ,xp}. Then P* = Pyya; PiaaPoxs - Php_12p Py
is a Hamiltonian path of G. Q.E.D.

Lemma 5.4. Assume |X| > h+1. Then, G has a Hamiltonian path if and only if G*(k1, k2) has a
Hamiltonian path where k1 = | X| — h, and ko = maz{1l,p — y}.

Proof. Only if part:

Suppose P is a Hamiltonian path of G. Let 7 be the set of end vertices of P. For clarity, let
T = | X (P)|, Ym = |Ym (P)|, and wy, = |W,,(P)|. By Lemma 2.5, 2, +1—1t1 > yYm~+wpm > Tpmtta—1
where t;1 = [T N X| and to2 = |7 N(V\ X)|. Since 2 > ¢; > 0 and 2 > t2 > 0, we have that
Ym + W +1 > Ty > Yy + Wy, — 1. Therefore, w, +1 > Ty — Y = Wi — 1, 160, Ty — Yo = Wy, — 1,
Ton—Ym = W, OF Ty — Y, = Wy +1. Since | X| > a,,, > pand y > y,, > h, we have kK1 > Ty —Ym > Ka.
By definition of G*, mo(G*[X']) = k2. By Lemma 2.1, there exists a path cover D of G*[X'] of size
W, — 1, wy, or wy, + 1. Hence, we can form a Hamiltonian path of G* from W,,(P) and D easily.
If part:
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Suppose P’ is a Hamiltonian path of G*. Let 7 be the set of end vertices of P'. W,,(P’) is a
2zW z-path-cover of G[W]. By Lemma 2.7, there exists a zW z-path-cover B of G[W] with respect to 7
such that k1 +1—Fk > |B| > ko+1—k where k = |TNX'|. Let |B| = wy,. Then k1 > wy +k—1 > Ka.
There are two cases:

Case 1: p>wy,, +k—1+h. Let f=p—wp,, —k+1. Incaseof p—y <k, clearly y > p—k >
p—k—(wy—1)=f. Incaseof p—y >k, wy, —1+k>ka=p—y. Hencey > p—w, —k+1=f.
By Lemma 2.1, there exists a path cover F' of G[Y] such that |F| = f since y > f > h. By definition,
G[X] has a path cover D of size d = p. By Lemma 2.6, G has a Hamiltonian path.

Case 2: p < wp,+k—1+h. Since | X'| > wp, —1+k, we have that | X| = | X'|+h > wp,—1+k+h > p.
By Lemma 2.1, there exists a path cover D of G[X] such that |D| = w,, +k—1+h. By definition, there
exists a path cover F' of G[Y] such that |F| = h. By Lemma 2.6, G has a Hamiltonian path. Q.E.D.

6 Linear time Algorithms for Hamiltonian Problems

In this section, we shall present linear time algorithms for the constrained Hamiltonian path problems
on distance-hereditary graphs. Recall that the PTF-tree PT(G) of a distance-hereditary graph can be
generated in O(n 4+ m) time [8]. Notice that the notation used but not defined in this section can be
found in Section 2. Before presenting our linear algorithms for the constrained Hamiltonian problems
on distance-hereditary graphs, we state some relevant properties of cographs below.

Let H; = (V4, E1) and Hy = (Va, Es) be two cographs. A graph H = (V, E) is obtained from H;
and Hs by a ”"union” operation, denoted by H = H1 + Ho, if V =V, UV, and F = E; U Ey. And
graph H = (V, E) is obtained from H; and Hs by a ”joint” operation, denoted by H = Hy <1 Ha, if
V=ViuW, and F = E;UE;U{(u,v)|u € H; and v € Hy}. By definition of cographs, H is a cograph
” operation. Obviously, each internal
node of the PTF-tree PT(H) of a cograph H is either a T-node or a F-node. Let u be an internal
node in PT(H). By Definition 1, it is easy to see that H(u) is obtained from H(w;) and H(u,) by a

”union” (resp. ”joint”) operation if u is a F-node (resp. T-node).

if it is obtained form H; and Hs by either a ”union” or ”join

In [10], [30], [28], and [31], some researchers have shown the following lemmas to compute 7(H,T)
for a cograph H with respect to 7, where 0 < |7] < 2. In the following, let H, Hy, and Hs be three
cographs such that H is obtained from cographs H; and Hs by a union or joint operation. Assume
that n = 11’2?<X2{7T(HZ‘) —|V(Hs_;)|} it H = H; < Hs.

Lemma 6.1. [10][30][28] Let Hy and Hy be two cographs. Then
(1) If H = Hy + Ha, then 7(H) = n(Hy) + n(Hs);
(2) If H = Hy 1 Hy, then w(H) = max{1,n}.

A graph is called Hamiltonian-connected if for every two different vertices there is a Hamiltonian

path joining these vertices. In [28], Jung proved the following lemma:

Lemma 6.2. [28] Let H, Hy, and Hy be cographs and H = Hy <1 Hy. Then
(1) H has a Hamiltonian path if and only if n < 1;

(2) H has a Hamiltonian cycle if and only if n <0 and |V(H)| > 3;

(3) H is Hamiltonian-connected if and only if n < 0.
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By Lemma 6.2, H has a Hamiltonian cycle if H = H; <t Hy and n < 0. Hence, H has a
Hamiltonian path with respect to {s}; that is, 7(H,{s}) = 1. Assume that s € V(H;) and n > 1.
Clearly, 7(Hy) < w(Hy, {s}). If 7(Hy) = w(Hy,{s}), then s is an endpoint of one path in the minimum

path cover of Hi. Then, we have the following lemma.

Lemma 6.3. [31][28](1HP problem for cographs) Assume that T = {s} C V(Hy). Then,
(1) If H = Hy + Ha, then n(H,T) = n(H1,7T) + w(Hs);
(2) If H = Hy >1 Ho, then

1 Jif < 0;
T(H,T)=4 n sifn 21, w(Hy) = n(Hy,T), and n =7(Hy) — [V(H2)|;
n+1 otherwise.

By Lemma 6.2, H is Hamiltonian-connected if H = H; < Hy and n < 0. Hence, n(H,7) =1
if H = H; < Hy, |T| =2, and n < 0. By similar to Lemma 6.3, we can easily derive the following

lemma:

Lemma 6.4. [31](2HP problem for cographs) Assume that T = {s,t} C H. Then,
(1) If H = Hy + Hy, then w(H,T) = w(H1,7) 4+ w(H2, T);
(2) If H = Hy < Ho, then

1 ,ifn <05
n+1 ,ifn>0,seV(H), teV(Hz), and
((w(Hy) = w(Hy,{s}) and n = m(Hy) — [V (H)|) or

m(H,T) m(Hz) = (n(Hs, {t}) and n = w(Hs) — |V(H1)|));

7’+5 ’ zfnZO,TgV(Hl),n:w(Hl)f|V(H2)|,and
(5=7T(H1,T)—7T(H1),‘
n+2 , otherwise.

Following the above lemmas, we can easily compute 7(H,7), |7| < 2, for cograph H in constant
time if w(Hy), 7(Hz), |V (H1)| and |V (Hz)| are given.

The basic ideas of our linear algorithm to solve the 2HP problem on a distance-hereditary graph
G is sketched as follows. If G is a cograph, then we solve the 2HP problem by the algorithm given
in [11, 31]. In the following, we assume that G is not a cograph and the PTF-tree of G has been
constructed. We first traverse the PTF-tree PT(G) of G by a reverse breadth-first search which visits
the nodes in the reverse ordering of a breadth-first search on PT(G). Let u be the node currently
visited. If w is either a F-node or a T-node, we find 7(G(u)), 7(G(u),{s}) if s € V(G(u)), and
m(G(u),{s,t}) if s,t € V(G(u)) by Lemma 6.1, 6.3, and 6.4. If u is a P-node, we reduce the 2HP
problem for G to the same problem for G* by Lemma 3.1 to Lemma 3.6. For instance, given a PTF-
tree T shown in Figure 1(b) and 7 = {wg,vs}, our algorithm computes k1 = 2 and k2 = 1 when
it visits the final pendant node of T. Then, the corresponding PTF-tree PT(G*) of G*(k1,k2) is
shown in Figure 2 and 7 becomes {vg,v9}. Note that our algorithm does not need to re-traverse the
nodes of X' in PT(G*) since |X'| = k1 and (X', T) = k1 are known. After completing the reverse
breadth-first search on PT(G), we solve the 2HP problem for G in linear time.

Let 7 = {s,t} be a subset of vertices and be the input of the 2HP problem. To solve the 2HP

problem on a distance-hereditary graph G in linear time, we put a annotation on each node u in
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Figure 2: The PTF-tree PT(G*) after visiting the final pendant node of the PTF-tree shown in
Figure 1(b) and the new 7 = {vg, vg }.

PT(G). The annotation contains a sequence (X, T, mo, 71, m2) of elements as follows:
(1) x: the number of vertices of G(u);
2) 7 [T A V(G);
(3) mp: the minimum cardinality of path cover of G(u);
(4) m: 7(G(w), T) if T' =T NV(G(u)) and |T'| = 1;
(5) mo: (G(u),T) if |T|=2and T C V(G(u))
We denote the above element on node u by u.y where + is either x, 7, m, 71, or ms.
Initially, v.x = 1, v.mg = 1, v.mr; = 1, and v.re = 1 for each leaf v in PT(G). And , v.7 =1 if
v € T; otherwise, v.7 = 0. Then, we traverse the internal nodes in PT(G) by a reverse breadth-first

search. The algorithm is formally presented in the following.

Algorithm 2HP-DH. Determine whether a given distance-hereditary graph has a Hamiltonian path
with end vertices s,t or not.

Input: A PTF-tree PT(G) of a distance-hereditary graph G = (V, E) and a subset 7 = {s,t} of V.
Output: Yes or No.

Method:
1. if G is a cograph then call the algorithm in [31];
2. for each leaf node v in PT(G) do
3. if v €7 then v.7 «+— 1; else v.7 «— 0;
4. v «— Ly vy «— 1; vy «— 1; vy «— 1;
5. Let S = {ug,u1, - ,un—2} be the ordered set of internal nodes by a breadth-first search on
PI(G);
6. for i = n — 2 downto 0 do
7. if u; is either a T-node or a F-node then
8. Compute u;.x, u;.T, U;.To, U;.71, and u;.m2 by Lemma 6.1, 6.3, and 6.4;
9. if u; is a P-node then
10. Let L and R be the left and right child nodes of u; in PT(G), respectively;

14



11. x «— L.x; p«— L.mg; y «— R.x; h «— R.mo;

12. Consider the following cases:

13. Case 1: R7 =2 (say 7 CY) /*Lemma 3.1%/

14. if (z < maxz{2, R.m3}) then return (No);

15. k1 «— & — maz{0, R.ma — 2}; Ko «— max{2,p—y +2};

16. Case 2: Rr=1and L7 =1 (say s€ Y and ¢t € X) /*Lemma 3.3*/
17. if (zx < R.m + 1) then return (No);

18. k1 «— x— R+ 1; kg «— max{2,L.m —y+ 1};

19. Case 3: Rt =1and L.7=0 (say s € Y and t € W) /*Lemma 3.2*/
20. if (z < R.m;) then return (No);

21. k1 «— x— R+ 1; ko «— maz{l,p—y+ 1};

22. Case 4: L.7 =2 (say 7 C X) /*Lemma 3.4*/

23. if (z < h + 2) then return (No);

24. K1 «— & — h; Ko «— max{2, L.y — y};

25. Case 5: L.7=1and R7=0 (say s € X and t € W) /*Lemma 3.5*/
26. if (x < h+1) then return (No);

27. K1 «— & — h; ko «— maz{l,L.m —y};

28. Case 6: L.t =0and R7 =0 (say 7 C W) /*Lemma 3.6*/

28. if (x < h+1) then return (No);

29. K1 — & — h; k2 «— max{l,p—y};

30. Ui X — K1; Wi T —— Ko Ui T <— Ko} U Ty «— Ko U;. T «— L.T7 + R.T;

31. if (up.m2 = 1) then return (Yes); else return (No);

In the following, we give an example to illustrate Algorithm 2HP-DH.
Example 1. Given a PTF-tree PT(G) shown in Figure 1(b) and 7 = {vg, vs}. Let S = {ug,uy,---,
ug} shown in Figure 3(a) be the ordered set of internal nodes by a breadth-first search on PT(G).
Then, Algorithm 2HP-DH visits the elements of S in the reverse order. When it visits node w7 which
is a final pendant node (P-node), it computes k1 = 2, kg = 1, and reduces PT(G) to PT(G*(k1, k2))
shown in Figure 3(b). That is, PT[u7] is replaced by PT(X') where X’ = I UK, I is an independent
set of size ko — 1, and K is a clique of size k1 — k2 + 1. Note that our algorithm does not need to
visit any nodes in X’ of PT(G*) since m(X’,7) = k2 and |X’| = k1 are known. After visiting all
internal nodes of PT(G), we obtain that ug.me = 1. Hence, G has a Hamiltonian path with respect
to 7. Figure 4 depicts the traversal on PT(G). |

The correctness of Algorithm 2HP-DH follows Lemma 3.1 to 3.6 and Lemma 6.1 to 6.4. Clearly,
the computation done at each node by Algorithm 2HP-DH is bounded by a constant. Furthermore,
Algorithm 2HP-DH visits each internal node exactly once. Therefore, we conclude the following

theorem.

Theorem 6.5. Algorithm 2HP-DH solves the 2HP problem for distance-hereditary graph G in O(n)
time if the PTF-tree of G has been constructed.

A PTF-tree PT(G) of a distance-hereditary graph G = (V, E) can be computed in O(n +m) time
[8]. Thus, the following result immediately holds.
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Figure 3: (a)The reverse breadth-first traversal of the PTF-tree PT(G) presented in Figure 1(b)
where 7 = {vg,vs}, and (b)The PTF-tree PT(G*) of G*(k1,k2) and T = {vp,ve}.

(1,0,1,1,1) L (1,0,1,1,1)
b

(2,0.2,2,2)
(1,1,1,1,1) (1,0,1,1,1)

(1,0,1,1,1) - (1,0,1,1,1)

(2.1,1,1,1)

(1,0,1,1,1)
(1,0,1,1,1) - (1,0,1,1,1)

Figure 4: ug.m2 = 1 after completing the traversal of nodes in PT(G), where the annotation on each
node is a sequence (x, T, 7o, 71, T2).

16



Corollary 6.6. The 2HP problem on distance-hereditary graphs can be solved in O(n + m) time.

With the aid of previous theorem and corollary, one can modify Algorithm 2HP-DH to conclude

the following theorems.

Theorem 6.7. There exists an algorithm to solve the 1HP problem on distance-hereditary graphs
in O(n + m) time. Moreover, it can solve the 1HP problem in O(n) time if the PTF-tree has been

computed.

Theorem 6.8. There exists an algorithm to solve Hamiltonian path problem on distance-hereditary
graphs in O(n + m) time. Moreover, it can solve Hamiltonian path problem in O(n) time if the

PTF-tree has been constructed.

In [26], we proved the following lemma for Hamiltonian cycle problem on distance-hereditary

graphs.

Lemma 6.9. [26] G has a Hamiltonian cycle if and only if |X| > h + 1 and G*(ki1,k2) has a

Hamiltonian cycle where k1 = |X| — h and k2 = maz{l,p — y}.
By the above lemma, one can modify Algorithm 2HP-DH to conclude the following corollary.

Corollary 6.10. There exists an algorithm to solve Hamiltonian cycle problem on distance-hereditary
graphs in O(n+m) time. Moreover, it can solve Hamiltonian cycle problem in O(n) time if the PTF-

tree has been computed.

Though we only describe how to decide whether a distance-hereditary graph has a Hamiltonian
path with respect to 7, these algorithms can be easily extended to find a Hamiltonian path with
respect to 7 following the constructive proofs of lemmas in Section 3, 4, and 5 in the same time
bound.
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