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Abstract

Given a directed graph D(V,A), where

V = {1,2,3,...,n} is the vertex set and

A is the directed arc set. A permutation

V1 (%) oo Up

) is said to be realizable
Twy  -- Ty

on D if there exist n arc-disjoint paths in D that
connect vertex v; to vertex m,,, i =1,2...,n. Dis
said to be rearrangeable if all n! permutations are
realizable on D. Moreover, the rearrangeability
number of D is the minimum multiplicity that
every arc needs to be duplicated in order for D

to become rearrangeable. In this paper, we prove

that complete n-partite digraphs are rearrangeable
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graphs. Then, we give the upper and lower bounds

of the rearrangeability number of torus networks.
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1 Introduction

The topology of a multiprocessor system can be, in
general, modeled by a directed graph, where each
vertex represents a processor and each arc repre-
sents the communication link between two proces-
sors. Let D = (V, A) be a directed graph(digraph),

where V. = V(D) = {1,2,...,n} and A C V x

V1 Vo )
V. Let ¢ = ( " ) be an n-
vy Moy .. Ty,
permutation of n symbols vi,ve,...,v,. An n-

permutation o is called realizable on D if n arc dis-
joint paths can be established in D that connect v;
to my,, for i =1,2...,n, respectively. Digraph D is
rearrangeable if all n! n-permutations are realizable
in D. Research on the rearrangeability are widely
studied on networks, such as hypercubes, Benes
Networks and Omega Networks [1, 5, 8, 7, 9]. In [3],
Hu et al. showed that complete digraphs and stars
are rearrangeable. A related problem is to make
a digraph rearrangeable by duplicating arcs. The
times of the duplicity is said to be the multiplicity.
Let D™ be the m-multiple digraph of D which is
obtained by duplicating every arc with multiplicity
m; notice that D'=D. The rearrangeability number
(D) is the minimum value of m such that D™ is
rearrangeable. Let ¢¥(D)=+oc if D is not strongly

connected. Hu et al.[3] gave the bounds of rear-

rangeability number in trees, rings, meshes and hy-
percubes.

( U1 V2 e Up
Ty, Toy oo Ty

Let 0 = ) be a permuta-

n

tion with n entries, ( vi ), fori =1,2,...,n. A

v;
permutation ¢’ is a subpermutation of a permuta-
tion o if ¢’ is obtained by removing some entries
from o. A permutation is called dearrangement if
Ty, # i, for i = 1,2,...,n. A permutation o’
is a dearrangement subpermutation of a permuta-
tion o if it is obtained from ¢ by removing the
entries m,, = v;. There are two rows of symbols
in a permutation. Such a symbol we call it as in-

cident vertex. Let set incident(c’) be the set of

incident vertices of the subpermutation o’. For ex-

1 2 3 4 5 6

ample, the permutation o = ( 56 2 4 3 1)

has m=b, me=6, mu=4, etc. Permutations
1 2 4 6 1 2 3 5 6
( 56 4 1 ), ( 56 2 3 1 ) are subpermu-
1 2 3 5 6
. ;L .
tations of 0. Then, o/ = ( 56 2 3 1 ) is

the dearrangement subpermutation of o, where
incident(o”) = {1,2,3,5,6}. Clearly, a permutation
is realizable if its dearrangement subpermutation is
realizable. For simplicity, we assume that the given

permutations in this paper are all dearrangement.

In this paper, we shall show that complete n-
partite digraphs are rearrangeable. For the pur-

pose of practical applications on interconnection



networks, torus network is studied which is an al-
ternative of mesh. The upper and lower bounds of

rearrangeability number of torus networks is given.

The remaining part of this paper is organized as
follows. In the next section, the complete bipar-
tite digraphs and complete n-partite digraphs are
shown to be rearrangeable. In Section 3, the up-
per and lower bounds of rearrangeability number
of torus networks are established. Finally, this pa-
per concludes with some remarks in Section 4.

2 Complete n-partite di-

graphs are rearrangeable

is a di-

n

A complete n-partite digraph Ko, ms,...m
graph whose vertex set can be partitioned into n
partite sets such that the arcs < u,v > and < v,u >
exist if and only if u and v are the vertices of two
different partite sets. Indeed, if n=2, then we name
it complete bipartite digraph which is denoted by
K, n. Since stars are rearrangeable[3], the com-
plete bipartite digraph K, ;, is rearrangeable when

m=1 or n=1.

Let S C V(K ), we define TI(S) = U, cg{mo}-
A path P is a sequence
v1e1V2€e9Vs . . . UgerVk11, denoted by vy — vy —

Vg — ... — Vg — Vg1, with elements alternately

from the vertex set V' and the arc set A of a digraph
D where v; # v; for ¢ # j. Vertex v; is called the
source vertex of P, and vertex vy41 is the destina-
tion vertex of P. Two paths are called disjoint if

there are no common arc in them.

Lemma 1 Complete bipartite digraphs K, , are

rearrangeable, for m,n > 2.

Proof. Let Vi = {a1,a9,...,an} and Vo =

{b1,ba,...,b,} be the partite sets of K, ,. Since
[V (Km,n)| = m + n, we shall give an algorithm to
construct the m + n disjoint paths that connect v;

to my,, v; € V1 |JVa, for each one of the (m + n)!

permutations.

If there exists m(a;) = b; or m(b;) = a;, then
the path connects the pair of vertices a; and b; is
simply the arc < a;,b; > if 7(a;) = b; or < bj,a; >
if 7(b;) = a;. Notice that both arcs < a;,b; > and
< bj,a; > exist in a complete bipartite digraph.
For m(a;) = aj(respectively, w(b;) = b;), i # m,
the path a; — b1 — aj(respectively, b; — a1 —
b;) is chosen. Finally, for m(a,,) = a;(respectively,
w(bm) = b;), if it exists, the path a, — by —
a;(respectively, b,, — as — b;) is chosen. Clearly,
the above m + n paths are disjoint and the lemma

follows.



Q. E. D.

For example, V; = {1,2,3,4} and

Vo = {5,6,7,8,9} are the two partite sets of

K475.

(123456789
5 6 4 2 3 71 9 8

The 9 disjoint paths for permutaion
) are listed in the
following.

1—-5

2—-6

3—5—4

4—6—2

8—>1—9

9—-2—>8

Since complete bipartite digraphs K,,, are re-
arrrangeable, there are m + n disjoint paths that
connect v; to m,,, ¢ =1,2...,m + n, for each per-

mutation o. It is clear, for each subpermutation

o' =( v e Uk ) of o, there are k dis-
Tuy  Tus Tuy,
joint paths that connect u; to m,,, ¢ = 1,2,...,k.

Furthermore, o’ is realizable.

Corollary 2 FEvery subpermutation with k entries
contains k disjoint paths on a complete bipartite di-

graph.

For each two distinct partites V;,V; of a com-
plete n-partite digraph, the induced subgraph of
ViUV; is a complete bipartite digraph which is
called induced complete bipartite digraph B;; of

Kml,mg,...,mn~ Let YX=m1+mo+ ...+ my,.

Theorem 3 Complete n-partite digraphs

Koy mo,...,m,, are rearrangeable.

Proof. Let V; = {vigll < k < my}, for

i=1,2,...,n. The vertex set V(Km, ms.....m») =
Uiz12..n Vi where V;\ Vi = 0, for j # k.
Let V; = Wi UWi2UJ.. . UWin, i = 1,2,...,n,
where W, = {v e Vi|m, € Vi }, for k=1,2,...,n.

If I(V;)\ Ve = 0, then W, = 0. For any per-

. 1 2
mutation o = (

Y S
), we split o into
™ T2 z

subpermutations so that for each subpermutation
o’, incident(¢’)C V(B; ;). By Lemma 1, we con-
struct the disjoint paths of each B; ;. By Corol-
lary 2, the paths for each subpermutation can be
found in its corresponding induced complete bipar-
tite digraph. Thus, the complete n-partite digraphs

Ko, mo,...m, are rearrangeable.

Q. E. D.

Take complete 3-partite digraph K333 as an
example. Let V(K333) = ViUValJVs, where

Vi = {1,2,3}, Vs = {4,5,6},V5 = {7,8,9}. For



a permutation

J—(123456789)weslitit
“l9 42761835,V

. . 2 3 6

into three subpermutations a = ( 409 1 ), B =
1 7 8 4 5 9

(9 3 3)and7—(7 6 5). By Lemma 1

and Corollary 2, we construct 3 disjoint paths in
B  for the subpermutation a.. There are also three
disjoint paths been established in B 3 and Bs 3 for

the subpermutation «, 3, respectively.

3 Torus networks

Let M be an n x n mesh with n? vertices and (r, c)
be the vertex in row r and column c. A torus T
is a mesh with wrap-around arcs in the rows and
columns. Figure 1 shows a mesh and a torus. No-
tice that two opposite directed arcs are assumed
between two adjacent vertices. In an n X n mesh,
there are 2n directed arcs between two adjacent
rows(columns). The rows from 1 to |2] are the
upper half of an n x n mesh and the rest is lower
half of the mesh. If n is even, Hu et al.[3] con-
structed a permutation m such that every vertex in
the upper(lower) half of the mesh is mapped to a
unique vertex in the lower(upper) half of the mesh.
To be rearrangeable, the 2n directed arcs between

n

the two parts should be duplicated at least % =3

times. Hence, ¥(M) > 2.

5. 1f nis odd, the half

with smaller size consists of |§] x n vertices. Hu
et al.[3] made a permutation such that [ 5 | x n ver-
tices in each half are mapped to the other half. So,

(M) > B2 = ).

To show the upper bound of the rearrangeability
number of a mesh, a realization is made. Let k =
(r,c) and 7, = (1, ') where v’ > r and ¢’ > ¢. For
source vertex (r, ¢), let the path pass through (r, ¢)
to the destination vertex (r’, ¢’). In this realization,
the rightmost arc < (r,n — 1),(r,n) > in row r
will be used at most n — 1 times. The same holds
for the arcs < (r,1),(r,2) >,< (1,¢),(2,¢) > and
< (n—=1,¢),(n,c) >. Thus, Hu et al.[3] gave the

upper bound n — 1.

Theorem 4 5] < ¢(M) < n—1 for an n xn

mesh M[5)].

In an n x n torus network 7', the wrap-around
arcs exist in the rows and columns. There are 4n
Based on

directed arcs between the two halves.

the algorithms of Hu et al., (T) > - = %, if

[Z]xnx2

n is even. I
n

And $(T) >
is odd. Thus, ¥(T) > [%]. Then, we want to
show the upper bound of ¥(T). Let k = (r,¢)

and 7, = (r/,¢/). If ¢ = 1 and ¢’ = n, then the

path oriented from (r,1) pass through the wrap-



around arc < (r,1), (r,n) > to the destination ver-
tex (r',n). Otherwise, For source vertex (r,c),
2 < ¢ < n—1, let the path pass through (r,c’)
to the destination vertex (r/,¢). In this realiza-
tion, the rightmost arc < (r,n — 1), (r,n) > in row
r will be used at most n — 2 times. The same holds
for the arcs < (r,1),(r,2) >,< (1,¢),(2,¢) > and
< (n—1,¢),(n,c) >. Thus, (T) < n — 2. There-

fore, we immediately have the next theorem.

Theorem 5 [7 ] < ¢(T) < n—2 for annxn torus

T.

4 Concluding Remarks

Directed interconnection networks have gained
much attention in the recent research in intercon-
nection networks. In this paper, we show that com-
plete n-partite directed graphs are rearrangeable.
We also give the lower and upper bounds of the re-

arrangeability number of torus networks. In the fu-

1) 1.2 1.3) (1.4
@1 @2 23 24
3.1 3.2 (3.3) (3.4
4.1 4,2 (4,3) 4,4
@
1) 12 1,3 1, 4
2 1) 2.2 (2.3) 2 4
@1 @2 @3 @4
4, 1) 4, 2) 4,3) 4,9
(b)

Figure 1: (a)A 4 x 4 mesh;(b)a 4 x 4 torus.

ture research, the rearrangeability of the intercon-
nection networks, for example, Butterfly networks,

MultiMesh networks, etc., are interesting to study.

References

[1] V.E. Benes, The Mathematical Theory of Con-

necting Networks and Telephone Traffic, Aca-



demic Press, New York, 1965.

[2] M.R. Garey, D.S. Johnson, Computers and In-
tractability : A Guide to the Theory of NP-

Completeness, W.H. Freeman, San Francisco,

CA, 1979.

[3] Q. Hu, Y. Ahang, X. Shen, Rearrange-
able graphs, Information Processing Letters, 71

(1999), 23-27.

[4] Q. Hu, Y. Zhang, X. Shen, Rearrangeable

graphs, in: 3rd Annual International Confer-
ence, COCOON’97, Shanghai, China, August
20-22, Lecture Notes in Computer Science 1276,

Springer, Berlin, 1997, 441-449.

[5] K. Hwang, F.A. Briggs, Computer Architec-
ture and Parallel Processing, McGraw-Hill, New

York, 1984.

[6] F.T. Leighton, Introduction to Parallel Algo-
rithms and Architectures: Arrays, Trees, Hyper-

cubes, Morgan Kaufmann, San Mateo, CA, 1992.

[7] X. Shen, Q. Hu, Realizability of an arbitrary
permutation on a circuit-switched hypercube, In-

formation Processing Letters 51 (1994), 237-243.

[8] H.J. Siegel, Interconnection Networks for Large-
Scale Parallel Processing, McGraw-Hill, New

York, 1990.

[9] T. Szymanski, On the permutation capability of
a circuit-switched hypercube, in: Proceedings of
International Conference on Parallel Processing,

(1989), 1:103-110.



