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Abstract

In this paper, we present an extended fuzzy Petri net
model (EFPN) to model fuzzy IF-THEN rules and fuzzy IF-
THEN-ELSE rules of rule-based systems, where the truth
values of the propositions appearing in the rules are
represented by vague values in [0, 1]. The vague reasoning
process of the rule-based systems also can be modeled by the
extended fuzzy Petri nets. The proposed extended fuzzy
Petri net model provide a useful way for modeling the fuzzy
production rules and the vague reasoning process of rule-
based systems. '
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1. Introdliction

It is obvious that knowledge representation is an
important research topics of rule-based systems. In [4], we
have presented a fuzzy Petri net model (FPN) to represent
the fuzzy production rules of a rule-based system and
presented an algorithm to perform fuzzy reasoning based on
the fuzzy Petri net model, where the truth value of each
proposition is represented by a real value between zero and
one. However, this single value combines the degree of truth
and the degree of false of the proposition, without indicating
the degree of truth and the degree of false of the proposition,
respectively. Furthermore, the fuzzy production rules used
in [4] are restricted to fuzzy IF-THEN rules. If we can allow
fuzzy IF-THEN rules and fuzzy IF-THEN-ELSE rules to be

. used for knowledge representation and allow the truth -

values of the propositions appearing in the rules to be
represented by vague values [5] in [0, 1] rather than real
values between zero and one, then there is room for more
flexibility. In [3], we have presented vague reasoning
techniques for rule-based systems, where fuzzy IF-THEN
rules and fuzzy IF-THEN-ELSE rules are used for
knowledge representation, and the truth values of the
propositions appearing in the rules are represented by vague
truth values in [0, 1].

In this paper, we extend the works of [3] and [4] to
present an extended fuzzy Petri net model (EFPN) to model
the fuzzy IF-THEN rules and fuzzy IF-THEN-ELSE rules of
rule-based systems. The vague reasoning process of the
rule-based systems also can be modeled by the extended
fuzzy Petri nets. The proposed extended fuzzy Petri net
model (EFPN) can provide a useful way for modeling the
fuzzy production rules and the vague reasoning process of
the rule-based systems.

The rest of the paper is organized as follows. In
Section 2, we introduce the fuzzy IF-THEN rules and fuzzy
IF-THEN-ELSE rules for knowledge representation. In
Section 3, we present the techniques for modeling the vague

reasoning process of rule-based systems using extended

fuzzy Petri nets. The conclusions are discussed in Section 4.
2. Knowledge Representation

Knowledge representation is one of the important
topics of rule-based systems. In order to properly represent
the real-world knowledge, fuzzy production rules [2], [4], [9]
have been used for knowledge representation. Let R be a set
of fuzzy production rules; R = {Ry, Ry, ..., Rq}. The general

. formulation of the the fuzzy production rule R;, Ri€R, is as

follows: , }
R;: IF d; THEN dj (CF=p,), )

-where

1) a} and dy, are propositions which may contain some
fuzzy terms. The truth value of each proposition is
represented by a real value between zero and one.

2) ; is the value of the certainty factor (CF), p; €0,
1], representing the strength of belief of the rule.
The larger the value of p; , the more the rule is

believed in.

According to [2] and [10, p.28], if the truth value of the
proposition d; of (1) is y;, y;€[0, 1], then the degree of truth
of the proposition dj of (1) is y; *p '

In [3], we have presented the generalized fuzzy
production rules, called fuzzy IF-THEN-ELSE rules, for
knowledge representation. Let R; be a generalized fuzzy
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production rule shown as follows:

R;: IF d; THEN dy ELSE d,, (CF = ), )

where : ,

1) d;, dy, and d,, are propositions. The truth value of
the propositions d i» di, and dy, are represented by
vague values [5] i m [0 1].

2) y; is the value of the certainty factor (CF), p; €0,
1], representing the strength of belief of the rule.
The larger the value of p;, the more the rule is

believed in.
A vague value x is represented by [£y, 1 - f;], where £,

indicates the degree of truth, £, indicates the degree of false,
1 - t, - f,. indicates the unknown part, 0 < £, <1-f,.<1,and
t, + f; < L. Tt is obvious that the vague truth value [0, 0]

represents absolutely false and the vague truth value [1, 1]
represents absolutely true.

Let x and y be two vague values, where

x =Tty 1: 1],

y=ltp1-f1 . 3)
According to [5], the maximum operation between the
vague values x and y are defined as follows:

c=xQy =tz 1-1l O
where 1 |

= Max(#,.ty), G

-k Max(1 - fy, 1- ). - ©

According to [5], the minimum operation between the Yague
values x and y are deﬁned as follows: g

c=xQy =1t 1-1, Y]
where i

t, = Min(t,, 5,), (k)

1-fo=Min(1-£,1- j;,). )]

3. Vague Reasoning Using Extended Fuzzy Petri Nets

In [3}, we have introduced vague reasoning techniques
for rule-based systems. In this section, we present the
techniques for modeling the vague reasoning process of
rule-based systems using extended fuzzy Petri nets. Let’s
consider the following fuzzy production rule:

R;:IF d- THEN d;, ELSE d,, (CF = ). 10)

Assume that the vague truth value of proposition d is [t 1-

f],whereOS <1 f <land i +fj <1, thenthevague

truth values of proposiu'ons d; and d,, can be evaluated and
are equal to [fz, 1 - fz] and [£,,, 1 - £;,], respectively, where

=t *u, (an

L-fi = 1- G * ). (12)
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tw =1 * Hi» (13)
1-fy=1-( *m). (14)

We can use an extended fuzzy Petri net model (EFPN)

for modeling fuzzy IF-THEN rules and fuzzy IF-THEN-
ELSE rules of a rule-based system. The concept of extended
fuzzy Petri nets is derived from fuzzy Petri nets [2], [4], [9]
and Petri nets [11]. An extended fuzzy Petri net is a bipartite
directed graph which contains two types of nodes: places
and transitions, where circles represent places, and bars
represent transitions. Each place may or may not contain a
token associated with a vague truth value in [0, 1]. Each
transition is associated with a certainty factor value between
zero and one. The relationships from places to transitions
and from transitions to. places are represented by directed
arcs. There are two kinds of directed arcs from transitions to
places, i.e., the positive arcs, denoted by “—”, and the
negative arcs, denoted by “o—”. A generalized extended

fuzzy Petri net structure can be defined as an 8 -tuple:
EFPN: (P!st D’ I" o ] fs 8’ ﬂ),

where

P={p}, py .., py} is afinite set of places,
T={T}, Ty ..., T),} is a finite st of transitions,

- D={d}, dy, ..., d,} is afinite set of propositions,
PATAD=0,|Pl=|D|
ET - P” is the input function, a mapping from

transitions to bags of places,

0: T - P” is the output function, a mappmg from

transitions to bags of places,

f: T — [0, 1] is an association function, a mapping
from transitions to real values between zero and
one,

% Po [0, 1] is an association function, a mapping
from places to vague values in [0, 1].

B: P — D is an association function, a bijective
mapping from places to propositions.

Let A be a set of directed arcs. If pj € I(T;), then there
exists a directed arc ajj, aj; € A, from the pj to the transition
T;. If pg € O(T)), then there exists a directed arc a;, a;;, €
A, from the transition T; to the place py. If f(T;) = p;, u; €
[0, 1], then the transition T; is said to be associated with a
real value ;. If B(p;) = d;, d; € D, then the place p; is said to
be associated with the proposition d;. An extended fuzzy
Petri net with some places containing tokens is called a
marked extended fuzzy Petri net. In a marked extended
fuzzy Petri net, the token in a place p; is represented by a
o(p;)

[ J

labeled dot . The token value in a place p;, p; € P, is
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denoted by 8(p;), where 3(p)) = [t;, 1-£1,0<£;<1-f;< 1,
and t; + f; < 1. ¥ 8(py) = [ 4;, 1 - f] and B(p;) = d}, then it
indicates that the degree of truth and the degree of false of
proposition d; are ¢; and f;, respectively.

By using an extended fuzzy Petri net, the fuzzy
production rule o

R;: IF d; THEN dj, ELSE d,, (CF=y,;)

can be modeled as shown in Fig. 1.

Fig. 1. An extended fuzzy Petri net.

In a marked extended fuzzy Petri net, a transition may
be enabled to fire. A transition T; is enabled if there is a
token in each of its input places. A transition T; fires by
removing the tokens from its input places and then
depositing one token into each of its output places. Firing
fuzzy production rules can be considered as firing
transitions. For example, assume that the vague truth value
of the proposition dJ of the above fuzzy production rule is [¢;,
1- jj'-], then the vague reasoning process of the above rule

can be modeled by a marked extended fuzzy Petri net as
shown in Fig. 2. ' '

te=tie i

L-fe=1- (6o ni)

!w-fj‘ Wi
lefw=l-(tje i)

®)

Fig. 2. Firing a marked extended fuzzy Petri net. (a) Before
firing transition T;. (b) After firing transition T;.

For example, consider the following fuzzy production
rule:
R;: TF it is tall THEN it is heavy ELSE it is light (CF
=0.90), '
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where the vague truth value of the proposition “it is tall” is
[0.80, 0.90], then the rule and the fact can be represented by
a marked extended fuzzy Petri net as shown in Fig. 3. The
vague reasoning process can be modeled by a marked
extended fuzzy Petri net as shown in Fig. 4.

EFPN=(P,T,D,], 0,1 5, p),

P={p}. py p3}

T={T;},

D= {it is tall, it is heavy, it is light},

I(T) = {p1}, O(T1) = {pa, ps}, f(t:) = 0.90,

8(p1) = [0.80, 0.90], 8(p,) = [0, 01, 5(ps) = [0, 0],
B(pr) = it is tall, B(py) = it is heavy, P(ps) = it is light.

it is heavy

itis tall
3}

it is light

Py
Fig. 3. Knowledge representation with a marked extended
fuzzy Petri net.

st is heavy

it is tall 0.90
. /ps

itislight
I. Py

it is heavy

O]

it is tall 0.50
Py

it is light

.
() Py

Fig. 4. Firing a marked extended fuzzy Petri net. (a) Before
firing transition T,. (b) After firing transition T).

If a proposition dj is composed of many propositions
(.e, dj 2 ¢{,~2, ..., and djn) connected by “and” connectors
(.e., a} = z{l-] and dj2 and ... and dj,,), then ay is called a
composite proposition. If the antecedent portion or the
consequence portion of a fuzzy production rule contains
“and” or “or” connectors, then it is called a composite fuzzy
production rule [9].

In [3], we have presented 15 types of composite fuzzy
production rules. In the following, we introduce these types
of composite production rules.



Type 1: IF dj; and dj7 and ... and dj, THEN dg
(CF=p;). This rule type can be modeled by an extended

fuzzy Petri net as shown in Fig. 5. The vague reasoning
process of this type of rule can be modeled by a marked
extended fuzzy Petri net as shown in Fig. 6.

t "M G G2 ntia) 5
by = | Ml Lp mlin) )

dja Pe
Fig. 6. a type-1 marked extended fuzzy Petri net. (a) Before
firing transition T;. (b) After firing transition T;.
Type 2: IF d; THEN dy; and d; and ... and dy¢ (CF =
#;). This rule type can be modeled by an extended fuzzy

Petri net as shown in Fig. 7. The vague reasoning process of
this type of rule can be modeled by a marked extended fuzzy
Petri net as shown in Fig. 8.

Fig. 7. Extended fuzzy Petri net representation of type 2
rules.
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Ceg™ tje i

Lol = 1-( o 81)

tig® tje w
1oy = L- (G5 i)

Telig = 1= £y o 1i )
21

Fig. 8. A type-2 marked extended fuzzy Petri net. (a) Before
firing transitions. (b) After firing transitions.

Type 3: IF dj; or dj3 or ... or djj THEN dy (CF = ;).
This rule type can be modeled by an extended fuzzy Petri net
as shown in Fig. 9. The vague reasoning process of this type
of rule can be modeled by a marked extended fuzzy Petri net
as shown in Fig. 10. '

Fig. 9. Extended fuzzy Petri net representation of type 3
rules.

e M) o M
By U Munyy g mliad- o )

Fig. 10. A type-3 marked extended fuzzy Petri net. (a)
Before firing transitions. (b) After * firing .
. transitions.
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Type 4: IF d; THEN dy; or dyp or ... or dis (CF = ). Type 6: IF d; THEN d; and dy and ... and dyg ELSE
Because rules of this type do not make specific implications, d,, (CF = ). This rule type can be modeled by an extended
fuzzy Petri net as shown in Fig. 13. The vague reasoning

process of this type of rule can be modeled by a marked
extended fuzzy Petri net as shown in Fig. 14.

they are unsuitable for deducing control. Thus, we do not
allow this type of rule to appear in the knowledge base.

Type 5: IF dj; or d;; or ... or d;, THEN dy ELSE d,,
(CF = p;). This rule type can be modeled by an extended
fuzzy Petri net as shown in Fig. 11. The vague reasoning

process of this type of rule can be modeled by a marked
extended fuzzy Petri net as shown in Fig. 12.

djt Hi

Pji

djz

P2
dw
djn
. Pin » Tin ' Pw
. Fig. 11. Extended fuzzy Petri net representation of type 5
rules.
dj

Pi
dj2

et =t eug

IoCeg = 1a(lGom
U = MEX (L L2 wmr L) o i (Giewh)

L = 1= (Magyptip fiadie 56) e
l-('u'l;(q”u)

tes =) o i

1o Clg = Lo(ljom
tw = Max ). 052 e * (o

1ol = 1+ (Max(tjp iz —tja ) * i) o =G en
leCw @ 3a(tfoni)

® :

Fig. 12. A type-5 marked extended fuzzy Petri net. ()  Fig. 14. A type-6 marked extended fuzzy Petri net. (a)
Before firing transitions. (b) After firing Before firing tramsition T, (b) After firing
transitions. transition T;.
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Type 7: IF d; THEN dj, ELSE dy,; and d,,,5 and ... and Type 8: IF d;; and d;; and ... and dj,, THEN dj ELSE
dW (CF = p;). This rule type can be modeled by an extended d,, (CF = y;). This rule type can be modeled by an extended

fuzzy Petri net as shown in Fig. 15 The vague reasoning fuzzy Petri net as shown in Fig. 17. The vague reasoning
process of this type of rule can be modeled by a marked process of this type of rule can be modeled by a marked
extended fuzzy Petri net as shown in Fig. 16. extended fuzzy Petri net as shown in Fig. 18.

dj

Wi di
Py
dj2 Pk

Fig. 17. Extended fuzzy Petri net representation of type 8
rules. ‘ '

te =t enu;
Il =t(fepi)
b Min (41 . 052 — tm) # 84
Cwt = ff o pg l.(g-l.mil :sz-'"[jnl o)
I-lar=1oCtyopi)
tw2 =] o i

twmMin (152 melin ). o 1

I-faa=1-(¢j = i)
1l = 1= (MGt 22 ki) @ 8¢)

Cwy = o i
1= Cuy= 12 tj * Bi)

®)

Fig. 16. A type-7 marked extended fuzzy Petri net. (a) Fig. 18. A type:8 marked extended fuzzy Petri net. (a)
Before firing tramsition T, (b) After firing Before firing transition T, (b) After firing
transition T;. transition T;.
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Type 9: IF djj and ‘{/‘2 and ... and dj THEN dkl and Typq 10: IF d;; and d;3 and ... and djp THEN dy; and‘
di2 and ... and dyg ELSE d,, (CF = p;). This rule type can dyoand ... and dy ELSE d,,; and d,,,; ard ... and dwy (CF
be modeled by an extended fuzzy Petri net as shown in Fig. = W;). This rule type can be modeled by an extended fuzzy

19. The vague reasoning process of this type of rule can be  petri net as shown in Fig. 21. The vague reasoning process
modeled by a marked extended fuzzy Petri net as shown il of this type of rule can be modeled by a marked extended
Fig. 20. ' fuzzy Petri net as shown in Fig. 22.

dyt
dyy

djt

?!l

dig

<

Wi
' Py
dx2

s1e

9
a

1'":-.“
£ 8

e
-8

-y
£ 3

E]
d
4 4

Fig. 19. Extended fuzzy Petri net reptesentaﬁon of type 9 Fig. 21. Extended fuzzy Petri net representation of type 10
rules. ‘ rules.
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&

doeh
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142 =1 Oty kg mtpe) » i)

£

tw = Min €1l 10z e 150) < b1
Lfw = L QMin@2 o £j2 onfn). « 1)

- top i (B3 152 mLia) * 5)

1wy = 1 O & g amiiad « 1)
® -

Fig. 20. A type-7 marked extended fuzzy Petri net. (a) Fig. 22. A type-7 marked extended fuzzy Petri net. (a)
Before firing tramsition T (b) After firing Before firing transition T; (b) After firing
transition T;. ‘ transition T;.

230



Type 11: IF d; THEN djj or dyp or ... or dys ELSE d,, (CF

= W;), where dj and d,, are either a simple proposition or a
composite proposition. Rules of this type are unsuitable for
deducing control due to the fact that they do not make
specific implications. Thus, we do not allow this type of
rules to appear in the knowledge base.

Type 12: IF d; THEN dj ELSE d,; or dy2 0t ... Ot dyyy,
(CF = ), where dJ and dj, are either a simple proposition or
a composite proposition. Rules of this type are unsuitable for
deducing control due to the fact that they do not make

specific implications. Thus, we do not allow this type of
rules to appear in the knowledge base.

Type 13: IF d; THEN djj or dyp or ... or dpg ELSE dyy
or dy,p or ... or dwy (CF = y;), where dj is either a simple

proposition or a composite proposition. Rules of this type are
unsuitable for deducing control due to the fact that they do
not make specific implications. Thus, we do not allow this
type of rules to appear in the knowledge base.

Type 14: IF dj; or dj; or ... or dj, THEN dy or dyp
or ... or dg ELSE dyyj or dyy or ... or dy,, (CF = ;). Rules

of this type are unsuitable for deducing control due to the
fact that they do not make specific implications. Thus, we do
not allow this type of rules to appear in the knowledge base.

Type 15: IF ay] or dj2 or..or ab-n THEN dp ELSE dy,;
or dy,3 or ... or dy,, (CF = W), where dy is either a simple
proposition or a composite proposition. Rules of this type are
unsuitable for deducing control due to the fact that they do
not make specific implications. Thus, we do not allow this
type of rules to appear in the knowledge base.

It should be noted that the number of tokens in a place
is always restricted to one as shown in Figs. 5-22.

4. Conclusions

In this paper, we have extended the works of [3] and [4]
to present an extended fuzzy Petri net model (EFPN) to
model fuzzy IF-THEN rules and fuzzy IF-THEN-ELSE
rules of rule-based systems. The vague reasoning process of
the rule-based systems also can be modeled by the extended
fuzzy Petri nets. The proposed extended fuzzy Petri net
model provide a useful way for modeling the fuzzy
production rules and the vague reasoning process of the
rule-based systems.
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