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$EVWUDFW

,Q WKLV SDSHU� ZH FRQVLGHU WKH SUREOHP RI SDWK�EDVHG

PXOWLFDVWLQJ RQ ZRUPKROH�URXWHG K\SHUFXEHV� $ PLQLPXP

VHW RI URXWLQJ UHVWULFWLRQV EDVHG RQ WKH VWUDWHJ\ SURSRVHG

E\ /L >�@ LV XVHG IRU ERWK XQLFDVW DQG PXOWLFDVW� 7R FRU�

UHFWO\ SHUIRUP PXOWLFDVW RSHUDWLRQV� ZH SURSRVHG WKH

QDWXUDO OLVW DSSURDFK WR RUGHU WKH GHVWLQDWLRQ QRGHV� 7KH

SURSRVHG DSSURDFK FDQ EH SURYHG WR EH GHDGORFN�IUHH IRU

ERWK RQH�SRUW DQG PXOWL�SRUW V\VWHPV� )XUWKHUPRUH� LW

FUHDWHV RQO\ RQH ZRUP IRU HDFK PXOWLFDVW RSHUDWLRQ� DQG

SURYLGHV DGDSWLYH VKRUWHVW SDWKV EHWZHHQ HDFK SDLU RI

QRGHV LQ WKH PXOWLFDVW SDWK� 7KH SRWHQWLDO DGDSWLYLW\ SUR�

YLGHG E\ WKH SURSRVHG DSSURDFK LV VXSHULRU WR SUHYLRXV

ZRUNV� %HWZHHQ HDFK SDLU RI QRGHV LQ WKH PXOWLFDVW SDWK

ZLWK GLVWDQFH N� RQ WKH DYHUDJH� WKHUH DUH DW OHDVW

�N������
N
SDWKV� 8QLFDVW DQG EURDGFDVW FDQ EH WUHDWHG DV

GHJHQHUDWHG FDVHV DQG XVH WKH VDPH URXWLQJ DOJRULWKP�

7KHUHIRUH� WKH SURSRVHG DOJRULWKP RIIHUV D FRPSUHKHQ�

VLYH URXWLQJ VROXWLRQ IRU FRPPXQLFDWLRQ RQ K\SHUFXEHV�
 

�� ,QWURGXFWLRQ

0XOWLFDVW LV D FROOHFWLYH FRPPXQLFDWLRQ VHUYLFH LQ

ZKLFK WKH VDPH PHVVDJH LV GHOLYHUHG IURP D VRXUFH QRGH

WR DQ DUELWUDU\ QXPEHU RI GHVWLQDWLRQ QRGHV RQ D SDUDOOHO

FRPSXWHU� %RWK XQLFDVW� ZKLFK LQYROYHV D VLQJOH GHVWLQD�

WLRQ� DQG EURDGFDVW� ZKLFK LQYROYHV DOO QRGHV LQ WKH QHW�

ZRUN� DUH VSHFLDO FDVHV RI PXOWLFDVW� 0XOWLFDVW FRPPXQL�

FDWLRQ KDV VHYHUDO XVHV LQ ODUJH�VFDOH PXOWLSURFHVVRUV�

LQFOXGLQJ GLUHFW XVH LQ YDULRXV SDUDOOHO DOJRULWKPV�

LPSOHPHQWDWLRQ RI GDWD SDUDOOHO SURJUDPPLQJ RSHUDWLRQV�

VXFK DV UHSOLFDWLRQ DQG EDUULHU V\QFKURQL]DWLRQ >��@� DQG

VXSSRUW RI VKDUHG�GDWD LQYDOLGDWLRQ DQG XSGDWLQJ LQ V\V�

WHPV XVLQJ D GLVWULEXWHG VKDUHG�PHPRU\ SDUDGLJP >�@�

  7KLV ZRUN ZDV VXSSRUWHG E\ 1DWLRQDO 6FLHQFH &RXQFLO� 5HSXEOLF RI

&KLQD� XQGHU *UDQW 16&��������(���������

:RUPKROH URXWLQJ KDV EHHQ ZLGHO\ DGRSWHG UHFHQWO\

GXH WR LWV HIIHFWLYHQHVV LQ LQWHU�SURFHVVRU FRPPXQLFDWLRQ

>�@� >�@� :LWK ZRUPKROH URXWLQJ� HDFK PHVVDJH LV GLYLGHG

LQWR D QXPEHU RI IOLWV� 7KH KHDGHU IOLW�V� FDUULHV WKH DG�

GUHVV LQIRUPDWLRQ DQG JRYHUQV WKH URXWH ZKLOH WKH UH�

PDLQLQJ IOLWV RI WKH PHVVDJH IROORZ LQ D SLSHOLQH IDVKLRQ�

7KH SLSHOLQHG QDWXUH SURYLGHV WZR DWWUDFWLRQV� )LUVW� LQ WKH

DEVHQFH RI FKDQQHO FRQWHQWLRQ� WKH QHWZRUN ODWHQF\ LV

UHODWLYHO\ LQVHQVLWLYH WR WKH SDWK OHQJWK >�@� 6HFRQG� RQO\

VPDOO IOLW EXIIHUV DUH UHTXLUHG IRU HDFK URXWHU >�@�

7R VXSSRUW PXOWLFDVW FRPPXQLFDWLRQ� GLIIHUHQW DS�

SURDFKHV KDG EHHQ FRQVLGHUHG LQ SUHYLRXV UHVHDUFKHV�

6RPH RI WKHP XVHG WKH XQLFDVW�EDVHG VWUDWHJ\ WR LPSOH�

PHQW WKH PXOWLFDVW FRPPXQLFDWLRQ >�@� >��@� ,Q WKLV VWUDW�

HJ\� LI WKHUH DUH N GHVWLQDWLRQ QRGHV� WKHQ N XQLFDVWV ZLOO

EH JHQHUDWHG WR VHQG WKH PHVVDJH� +RZHYHU� WKLV VWUDWHJ\

UDLVHV D SUREOHP WKDW WKH LQFUHDVHG WUDIILF ORDG UHVXOWHG

IURP WKRVH XQLFDVWV PD\ KLQGHU WKH V\VWHP SHUIRUPDQFH�

,Q RUGHU WR PLQLPL]H WKH DPRXQW RI QHWZRUN WUDIILF�

VRPH UHVHDUFKHV FRQVLGHUHG WKH SDWK�EDVHG PXOWLFDVW URXW�

LQJ� ,Q WKLV DSSURDFK� D PXOWLFDVW SDWK FRQVLVWV RI D VHW RI

FRQVHFXWLYH FKDQQHOV� VWDUWLQJ IURP WKH VRXUFH QRGH DQG

WUDYHUVLQJ HDFK GHVWLQDWLRQ LQ WKH VHW� +RZHYHU� WKHUH DUH

SRVVLEOH GHDGORFNV GXH WR GHSHQGHQFLHV RQ FRQVXPSWLRQ

FKDQQHOV LQ D SDWK�EDVHG ZRUPKROH�URXWHG QHWZRUN� %RS�

SDQD HW DO� >�@ VKRZHG KRZ VXFK D GHDGORFN PLJKW KDSSHQ

DQG SURSRVHG WKH FROXPQ�SDWK URXWLQJ DOJRULWKP WR HOLPL�

QDWH WKH SUREOHP IRU WZR GLPHQVLRQDO ��'� PHVKHV� )RU

N�DU\ Q�FXEHV� 3DQGD HW DO� >��@� >��@ SURSRVHG D QRYHO

IUDPHZRUN RI D EDVH�URXWLQJ�FRQIRUPHG� SDWK �%5&3�

PRGHO� ,Q WKHVH WZR DOJRULWKPV� WKHUH PD\ EH VHYHUDO

ZRUPV UHTXLUHG IRU D PXOWLFDVW� DQG D PXOWL�SRUW PRGHO LV

QHFHVVDU\ WR SHUIRUP WKHVH ZRUPV FRQFXUUHQWO\�

)RU PXOWLFDVWLQJ RQ K\SHUFXEHV� /LQ >�@ SURSRVHG WKH

8'�SDWK PHWKRG WR RYHUFRPH WKH GLVDGYDQWDJHV RI WKH

%5&3 PRGHO� 7KH 8'�SDWK PHWKRG LV DQ H[WHQVLRQ RI WKH

GHWHUPLQLVWLF SDWK�EDVHG PHWKRG >�@ DQG FUHDWHV RQO\ RQH

ZRUP IRU HDFK PXOWLFDVW RSHUDWLRQ� %DVHG RQ D QRGH OD�



EHOLQJ PHWKRG� WKH DXWKRU GHILQHG XS SDWK �8�SDWK�� GRZQ

SDWK �'�SDWK�� DQG XS�GRZQ SDWK �8'�SDWK�� )RU D XQL�

FDVW� DOO WKH 8'�SDWKV EHWZHHQ WKH VRXUFH DQG GHVWLQDWLRQ

QRGHV FDQ EH XVHG WR VHQG WKH PHVVDJH� )RU D PXOWLFDVW�

WKH GHVWLQDWLRQ QRGHV DUH FDUHIXOO\ RUGHUHG VR WKDW WKHUH LV

DW OHDVW RQH PXOWLFDVW SDWK� ZKLFK LV DQ 8'�SDWK DQG FDQ

EH XVHG WR VHQG WKH PHVVDJH� +RZHYHU� IURP D QRGH WR WKH

QH[W GHVWLQDWLRQ QRGH LQ WKH PXOWLFDVW SDWK� WKHUH DUH RQO\

8�SDWKV RU '�SDWKV WKDW FDQ EH XVHG� 7KHUHIRUH� WKH URXW�

LQJ DOJRULWKPV IRU VHQGLQJ PHVVDJH EHWZHHQ WZR QRGHV

DUH GLIIHUHQW IRU XQLFDVW DQG PXOWLFDVW� 0RUHRYHU� WKLV

DSSURDFK UHTXLUHG DW OHDVW WZR LQSXW SRUWV �FRQVXPSWLRQ

FKDQQHOV� WR SUHYHQW GHDGORFN�

,Q WKLV SDSHU� ZH SURSRVHG DQ DGDSWLYH PXOWLFDVW URXW�

LQJ DOJRULWKP IRU ZRUPKROH�URXWHG K\SHUFXEHV� 7KH SUR�

SRVHG PHWKRG LV EDVHG RQ WKH DGDSWLYH XQLFDVW URXWLQJ

SURSRVHG E\ /L >�@� )RU HDFK PXOWLFDVW RSHUDWLRQ� WKH SUR�

SRVHG DSSURDFK FUHDWHV RQO\ RQH ZRUP DQG SURYLGHV

DGDSWLYH VKRUWHVW SDWKV EHWZHHQ HDFK SDLU RI QRGHV LQ WKH

PXOWLFDVW SDWK� $OO WKH PXOWLFDVWV� LQFOXGLQJ XQLFDVWV DQG

EURDGFDVWV� IROORZ WKH VDPH UXOHV IRU URXWLQJ� 7KHUHIRUH�

WKH SURSRVHG DOJRULWKP RIIHUV D FRPSUHKHQVLYH URXWLQJ

VROXWLRQ IRU FRPPXQLFDWLRQ RQ K\SHUFXEHV� ,W LV SURYHG

WKDW WKH SURSRVHG DSSURDFK LV GHDGORFN�IUHH DQG FDQ EH

DSSOLHG RQ HLWKHU RQH�SRUW RU PXOWL�SRUW DUFKLWHFWXUH� ,Q

SHUIRUPDQFH DQDO\VLV� WKH SRWHQWLDO DGDSWLYLW\ RI WKH SUR�

SRVHG DOJRULWKP LV FRPSDUHG ZLWK WKDW RI WKH 8'�SDWK

DOJRULWKP� 7KH UHVXOW FOHDUO\ VKRZV WKH VLJQLILFDQW SHU�

IRUPDQFH LPSURYHPHQW SURYLGHG E\ WKH SURSRVHG DS�

SURDFK�

7KH UHVW RI WKLV SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ �

LQWURGXFHV VRPH EDFNJURXQG LQIRUPDWLRQ� 7KH QHZ DS�

SURDFK LV GHVFULEHG LQ VHFWLRQ �� ,Q 6HFWLRQ �� WKH SHU�

IRUPDQFH DQDO\VLV LV SUHVHQWHG� )LQDOO\� FRQFOXVLRQV DUH

JLYHQ LQ 6HFWLRQ ��

�� %DFNJURXQG

$OWKRXJK WKH UHDGHUV DUH DVVXPHG WR EH IDPLOLDU ZLWK

K\SHUFXEH QHWZRUNV� LW LV VWLOO QHFHVVDU\ WR FODULI\ WKH

GHILQLWLRQV DQG WHUPLQRORJLHV LQ RUGHU WR KDYH D

ZHOO�GHILQHG PRGHO� 7KH GHWDLO LV VSHFLILHG LQ VXEVHFWLRQ

���� ,Q VXEVHFWLRQ ���� ZH VKRZ WKH FRQFHSW RI WKH

SDWK�EDVHG URXWLQJ� ,Q VXEVHFWLRQ ���� WKH SRVVLEOH GHDG�

ORFNV LQ D SDWK�EDVHG ZRUPKROH�URXWHG QHWZRUN DUH LQ�

WURGXFHG� )LQDOO\� LQ VXEVHFWLRQ ���� ZH VKRZ WKH DGDSWLYH

XQLFDVW URXWLQJ SURSRVHG E\ /L >�@� ZKLFK LV WKH EDVH

URXWLQJ DOJRULWKP RI WKH SURSRVHG DSSURDFK�

��� 7KH ZRUPKROH�URXWHG K\SHUFXEH QHWZRUNV

$Q Q�GLPHQVLRQDO K\SHUFXEH LV D GLUHFWHG JUDSK ZKLFK

FRQWDLQV 1  �
Q

QRGHV DQG Q×�Q FKDQQHOV� (DFK QRGH [

FRUUHVSRQGV WR DQ Q�ELW ELQDU\ QXPEHU� ZKHUH [�L� GHQRWHV

WKH LWK ELW RI [� �≤L≤Q��� ,I WKHUH DUH N GLIIHUHQW ELWV EH�

WZHHQ WKH ELQDU\ VWULQJV RI WZR QRGH [ DQG \� WKHQ N LV

VDLG WR EH WKH GLVWDQFH RI WKHVH WZR QRGH� 7ZR QRGHV DUH

FRQQHFWHG ZLWK D SDLU RI FKDQQHOV� RQH IRU HDFK GLUHFWLRQ�

LI DQG RQO\ LI WKHLU GLVWDQFH LV �� ,I D FKDQQHO LV IURP QRGH

[ WR [
 DQG [�N� ≠ [
�N�� WKHQ LW LV VDLG WR EH DW GLPHQVLRQ N

DQG GHQRWHG E\
N

[[F 
� � ,Q FDVH [�N� �� WKHQ WKH FKDQQHO LV

FDOOHG SRVLWLYH DQG GHQRWHG E\
+N
[[F 
� � RWKHUZLVH LW LV QHJD�

WLYH DQG GHQRWHG E\
−N
[[F 
� � 7KH VXSHUVFULSWV DQG VXEVFULSWV

PD\ EH RPLWWHG ZKHQ WKH\ DUH LUUHOHYDQW WR WKH FRQWH[W�

,Q D ZRUPKROH�URXWHG K\SHUFXEH FRPSXWHU� FRPPXQL�

FDWLRQV DUH KDQGOHG E\ URXWHUV� RQH IRU HDFK QRGH DV

VKRZQ LQ )LJ� �� 7KH H[WHUQDO FKDQQHOV FRQQHFW WKH URXWHU

WR QHLJKERULQJ URXWHUV� DQG WKH LQWHUQDO FKDQQHOV FRQQHFW

WR LWV ORFDO SURFHVVRU� 7KH LQWHUQDO LQSXW FKDQQHOV DUH DOVR

NQRZQ DV FRQVXPSWLRQ FKDQQHOV� 7KH SRUW PRGHO UHIHUV WR

WKH QXPEHU RI LQWHUQDO FKDQQHOV LQ HDFK QRGH� ,I HDFK

QRGH SRVVHVVHV H[DFWO\ RQH SDLU RI LQWHUQDO LQSXW�RXWSXW

FKDQQHOV� WKH V\VWHP LV FDOOHG D RQH�SRUW DUFKLWHFWXUH� ,Q D

RQH�SRUW DUFKLWHFWXUH� D ORFDO SURFHVVRU PXVW WUDQVPLW

PHVVDJHV VHTXHQWLDOO\� DQG PHVVDJHV WKDW DUH GHVWLQHG WR

WKH VDPH QRGH KDYH WR EH UHFHLYHG VHTXHQWLDOO\� ,I HDFK

QRGH SRVVHVVHV PRUH WKDQ RQH SDLU RI LQWHUQDO LQSXW�RXWSXW

FKDQQHOV� WKH V\VWHP LV FDOOHG D PXOWL�SRUW DUFKLWHFWXUH�

$Q DOO�SRUW V\VWHP LV D VSHFLDO FDVH RI D PXOWL�SRUW V\VWHP�

LQ ZKLFK HYHU\ H[WHUQDO FKDQQHO KDV D FRUUHVSRQGLQJ LQ�

WHUQDO FKDQQHO� :H VKDOO XVH FL
,1�M�

DQG FL
287�M�

WR GHQRWH

WKH MWK LQWHUQDO LQSXW DQG RXWSXW FKDQQHO RI QRGH L� UH�

VSHFWLYHO\� ,I WKH RQH�SRUW PRGHO LV XVHG� WKH QXPEHU M ZLOO

EH RPLWWHG�

��� 3DWK�EDVHG URXWLQJ

/LQ HW DO� >�@ KDYH GHYHORSHG DQ DSSURDFK WR KDUG�

ZDUH�VXSSRUWHG PXOWLFDVW� FDOOHG SDWK�EDVHG URXWLQJ� ,Q

WKLV DSSURDFK� D PXOWLFDVW SDWK IRU D VRXUFH DQG D VHW RI

GHVWLQDWLRQV FRQVLVWV RI D VHW RI FRQVHFXWLYH FKDQQHOV�

VWDUWLQJ IURP WKH VRXUFH QRGH DQG WUDYHUVLQJ HDFK GHVWLQD�

WLRQ LQ WKH VHW� 7KH PHVVDJH VHQW E\ WKH VRXUFH QRGH PD\

,QWHUQDO LQSXW FKDQQHOV ,QWHUQDO RXWSXW FKDQQHOV

([WHUQDO RXWSXW

FKDQQHOV

([WHUQDO LQSXW

FKDQQHOV
5RXWHU

/RFDO

3URFHVVRU�PHPRU\

)LJ� �� 7KH QRGH DUFKLWHFWXUH�



EH UHSOLFDWHG DW LQWHUPHGLDWH GHVWLQDWLRQ QRGHV DQG IRU�

ZDUGHG DORQJ WKH PXOWLFDVW SDWK WR WKH QH[W GHVWLQDWLRQ
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IRU D PXOWLFDVW RSHUDWLRQ LV DQ RUGHUHG OLVW� ZKLFK LQGL�

FDWHV WKH RUGHU RI WKH GHVWLQDWLRQ QRGHV LQ WKH PXOWLFDVW
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VKRZV D SRVVLEOH PXOWLFDVW SDWK IRU WKH PXOWLFDVW OLVW ��� ��

�� �! RQ D �' K\SHUFXEH�

��� 'HDGORFNV

'HDGORFN RFFXUV ZKHQ D PHVVDJH ZDLWV IRU DQ HYHQW

WKDW FDQQRW KDSSHQ� )RU H[DPSOH� D PHVVDJH PD\ ZDLW IRU

D FKDQQHO WR EH UHOHDVHG E\ DQRWKHU PHVVDJH� ZKLFK LQ

WXUQV LV ZDLWLQJ IRU WKH ILUVW PHVVDJH WR UHOHDVH VRPH

FKDQQHO� :KHQ SHUIRUPLQJ D PXOWLFDVW RSHUDWLRQ� LI WKH

KHDGHU IOLW RI WKH PHVVDJH DUULYHV DQ LQWHUPHGLDWH GHVWLQD�

WLRQ QRGH� WKH URXWHU ZLOO ILUVW UHVHUYH DQ LQWHUQDO LQSXW

FKDQQHO DQG WKHQ UHVHUYH DQ H[WHUQDO RXWSXW FKDQQHO IRU

WKH PHVVDJH� 7KHUHIRUH� LQ D SDWK�EDVHG ZRUPKROH�URXWHG

QHWZRUN� DOO WKH LQWHUQDO DQG H[WHUQDO FKDQQHOV FRXOG EH

LQYROYHG LQ GHDGORFNV� )LJ� � VKRZV WZR GHDGORFN H[DP�

SOHV� 7KH ILUVW RQH FRQWDLQV ERWK H[WHUQDO DQG LQWHUQDO

LQSXW FKDQQHOV LQ WKH FLUFXODU ZDLW FRQGLWLRQ� ZKLOH WKH

RWKHU RQH FRQWDLQV RQO\ H[WHUQDO FKDQQHOV� 7KH RQH�SRUW

PRGHO LV DVVXPHG LQ )LJ� ��D�� DQG WZR PXOWLFDVW PHVVDJHV

DUH ZDLWLQJ HDFK RWKHU IRU LQWHUQDO LQSXW FKDQQHOV� 2QH RI

WKHVH WZR PXOWLFDVW PHVVDJHV LV IURP 3� WR 3� DQG 3�� DQG

WKH RWKHU RQH LV IURP 3� WR 3� DQG 3�� 7KH FKDQ�

QHO�ZDLWLQJ JUDSK IRU WKHVH WZR PHVVDJHV LV VKRZQ LQ )LJ�

��E�� 7KH GHDGORFN FRQGLWLRQ FDQ EH VHHQ IURP WKH F\FOH

LQ WKH JUDSK� ,Q )LJ� ��F�� WKHUH DUH IRXU PXOWLFDVW RSHUD�

WLRQV DQG WKH FRUUHVSRQGLQJ PXOWLFDVW OLVWV DUH ��� �� �!�

��� �� �!� ��� �� �!� DQG ��� �� �!� )LJ� ��G� VKRZV WKH

F\FOH LQ WKH FKDQQHO�ZDLWLQJ JUDSK IRU WKHVH IRXU PXOWL�

FDVWV� 7KH FKDQQHOV RI WKH QRGHV 3�� 3�� 3�� DQG 3� DUH

RPLWWHG LQ )LJ� ��G�� ,W FDQ EH REVHUYHG WKDW WKH

FKDQQHOV LQYROYHG LQ WKH FLUFXODU ZDLW FRQGLWLRQ DUH DOO

H[WHUQDO FKDQQHOV� 7KH IROORZLQJ OHPPD JLYHV DQ LPSRU�

WDQW SURSHUW\ LQ D FKDQQHO�ZDLWLQJ F\FOH�

/HPPD �� *LYHQ DQ DUELWUDU\ FLUFOH LQ D K\SHUFXEH� WKHUH

PXVW EH DQ HTXDO QXPEHU RI SRVLWLYH FKDQQHOV DQG QHJD�

WLYH FKDQQHOV RI WKH VDPH GLPHQVLRQ LQ WKH FLUFOH >�@�
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��� 7KH 0,1 URXWLQJ VWUDWHJ\ IRU XQLFDVW

7KH VWUDWHJ\ SURSRVHG E\ /L >�@ SUHVHQWV D PLQLPXP

VHW RI GHDGORFN�IUHH URXWLQJ UHVWULFWLRQV IRU XQLFDVWV RQ

K\SHUFXEHV� 7KH URXWLQJ UHVWULFWLRQV PHDQ WKH UXOHV WKDW

VSHFLI\ ZKLFK FKDQQHOV HQGLQJ DW D QRGH FDQ IRUZDUG

PHVVDJHV WR FHUWDLQ FKDQQHOV� FDOOHG OHJDO FKDQQHOV� VWDUW�

LQJ IURP WKH QRGH� (YHU\ URXWLQJ DOJRULWKP LPSOLHV D VHW

RI UHVWULFWLRQV� )RU H[DPSOH� WKH H�FXEH URXWLQJ DOORZV D

FKDQQHO WR IRUZDUG PHVVDJHV WR RQO\ WKRVH FKDQQHOV WKDW

DUH DW KLJKHU GLPHQVLRQV� ,W HVWDEOLVKHV RQO\ RQH VKRUWHVW

SDWK EHWZHHQ HDFK SDLU RI VRXUFH�GHVWLQDWLRQ QRGHV� ,Q

RUGHU WR WDNH WKH DGYDQWDJH RI WKH IOH[LELOLW\ SURYLGHG E\

K\SHUFXEHV� YDULRXV DGDSWLYH XQLFDVW URXWLQJ DOJRULWKPV

KDYH DOVR EHHQ SURSRVHG >�@� >�@� 7KH IROORZLQJ VHW RI UH�

VWULFWLRQV LV WKH PLQLPXP VHW SUHVHQWHG LQ >�@�

5HVWULFWLRQ �� 0HVVDJHV FDQ EH IRUZDUGHG IURP
O
\[F �

WR

P
]\F �

RQ WKH QRGH \ LI DQG RQO\ LI RQH RU ERWK RI WKH IRO�

ORZLQJ FRQGLWLRQV DUH WUXH�

��� P ! O� DQG ��� F
P

LV SRVLWLYH�

7KDW LV� PHVVDJHV FDQ EH IRUZDUGHG IURP D ORZHU GL�

PHQVLRQDO FKDQQHO WR D KLJKHU GLPHQVLRQDO FKDQQHO �FRQ�

GLWLRQ ��� RU IURP D KLJKHU GLPHQVLRQDO FKDQQHO WR D ORZHU

GLPHQVLRQDO FKDQQHO LI WKH ODWWHU LV SRVLWLYH �FRQGLWLRQ ���

7KH IROORZLQJ WKHRUHPV VKRZ WKDW 5HVWULFWLRQ � LV D

PLQLPXP VHW RI UHVWULFWLRQV DQG WKH XQLFDVW URXWLQJ DOJR�

ULWKPV XQGHU 5HVWULFWLRQ � DUH GHDGORFN�IUHH�

7KHRUHP �� 7KH XQLFDVW URXWLQJ DOJRULWKPV XQGHU 5H�

VWULFWLRQ � DUH GHDGORFN�IUHH >�@�

7KHRUHP �� $Q\ UHOD[DWLRQ WR 5HVWULFWLRQ � ZLOO UHVXOW LQ

GHDGORFN LQ WKH K\SHUFXEH >�@�

�� 7KH 0XOWLFDVW 5RXWLQJ 6WUDWHJ\

7KH PRVW IXQGDPHQWDO UHTXLUHPHQW IRU DQ HIILFLHQW

SDWK�EDVHG PXOWLFDVW URXWLQJ DOJRULWKP LV WR DYRLG GHDG�

ORFN� 1H[W� LW LV H[SHFWHG WKDW WKH GHJHQHUDWH FDVHV VXFK DV

XQLFDVW DQG EURDGFDVW DOVR XVH WKH VDPH DOJRULWKP�

WKHUHE\ RIIHULQJ D FRPSUHKHQVLYH URXWLQJ VROXWLRQ� 7KLUG�

WKH PXOWLFDVW DOJRULWKP VKRXOG DOZD\V IROORZ D VKRUWHVW

SDWK EHWZHHQ HDFK SDLU RI QRGHV LQ WKH PXOWLFDVW SDWK�

7KXV� D XQLFDVW PHVVDJH URXWHG DFFRUGLQJ WR WKH DOJR�

ULWKP ZLOO DOZD\V IROORZ D VKRUWHVW SDWK� )LQDOO\� WKH PXO�

WLFDVW DOJRULWKP VKRXOG WDNH WKH IOH[LELOLW\ RI K\SHUFXEHV

WR SURYLGH PRUH SDWKV EHWZHHQ HDFK SDLU RI QRGHV LQ WKH

PXOWLFDVW SDWK�

8SRQ GHYHORSLQJ DQ HIILFLHQW SDWK�EDVHG PXOWLFDVW

URXWLQJ DOJRULWKP� WZR LVVXHV KDYH WR EH FRQVLGHUHG WR

DFKLHYH WKH DERYH UHTXLUHPHQWV�

�� +RZ WR RUGHU WKH GHVWLQDWLRQ QRGHV� L�H� KRZ WR GH�

FLGH WKH PXOWLFDVW OLVW IRU WKH PXOWLFDVW RSHUDWLRQ"

�� +RZ WR URXWH WKH PXOWLFDVW PHVVDJH FRUUHVSRQGLQJ

WR WKH VSHFLILHG PXOWLFDVW OLVW"

,Q WKLV VHFWLRQ� ZH ZLOO ILUVW SURSRVH WKH URXWLQJ UHVWULF�

WLRQV IRU ERWK XQLFDVW DQG PXOWLFDVW� 7KHQ� ZH ZLOO VKRZ

WKH PHWKRG WR FRQVWUXFW D PXOWLFDVW OLVW IRU HDFK PXOWLFDVW

RSHUDWLRQ VR WKDW QR GHDGORFN PD\ EH LQFXUUHG�

��� 5RXWLQJ UHVWULFWLRQV

,Q WKLV VXEVHFWLRQ� ZH VKDOO VKRZ DQ HTXLYDOHQW VHW RI

UHVWULFWLRQV WR 5HVWULFWLRQ �� DQG WDNH LW DV WKH EDVH DGDS�

WLYH URXWLQJ DOJRULWKP LQ WKH SURSRVHG PXOWLFDVW URXWLQJ

VWUDWHJ\�

5HVWULFWLRQ �� 0HVVDJHV FDQ EH IRUZDUGHG IURP
O
\[F �

WR

P
]\F �

RQ WKH QRGH \ LI DQG RQO\ LI RQH RU ERWK RI WKH IRO�

ORZLQJ FRQGLWLRQV DUH WUXH�

��� P � O� DQG ��� F
P

LV SRVLWLYH�

7KH RQO\ GLIIHUHQFH EHWZHHQ 5HVWULFWLRQ � DQG 5HVWULF�

WLRQ � LV WKDW� LQ 5HVWULFWLRQ �� PHVVDJHV FDQQRW EH IRU�

ZDUGHG IURP D ORZHU GLPHQVLRQDO FKDQQHO WR D QHJDWLYH

KLJKHU GLPHQVLRQDO FKDQQHO� ZKLOH� LQ 5HVWULFWLRQ ��

PHVVDJHV FDQQRW EH IRUZDUGHG IURP D KLJKHU GLPHQVLRQDO

FKDQQHO WR D QHJDWLYH ORZHU GLPHQVLRQDO FKDQQHO� 7KH

URXWLQJ DOJRULWKPV XQGHU 5HVWULFWLRQ � FDQ DOVR EH SURYHG

WR EH GHDGORFN�IUHH IRU XQLFDVWV VLPLODUO\�

7KHRUHP �� 7KH URXWLQJ DOJRULWKPV XQGHU 5HVWULFWLRQ �

DUH GHDGORFN�IUHH >�@�

7KH IROORZLQJ H[DPSOH VKRZV WKH SDWKV IRU WZR XQL�

FDVWV� 6RPH RI WKH SDWKV DUH PDUNHG WR EH XQDYDLODEOH

XQGHU 5HVWULFWLRQ �� 1RWH WKDW� IURP 5HVWULFWLRQ �� LI WKH

UHTXLUHG FKDQQHO DW WKH KLJKHVW GLPHQVLRQ LV QHJDWLYH

WKHQ LW KDV WR EH VHOHFWHG WR IRUZDUG WKH PHVVDJH ILUVW�

2WKHUZLVH� WKH PHVVDJH ZLOO EH EORFNHG IRUHYHU GXH WR QR

OHJDO FKDQQHO H[LVWV� 7KLV FDQ EH YHULILHG LQ ([DPSOH ��E��

)URP QRGH �� WR QRGH �� WKH UHTXLUHG FKDQQHOV DUH DW GL�

PHQVLRQV '�� '�� DQG '�� DQG WKH RQH DW '� LV QHJDWLYH� ,W

FDQ EH REVHUYHG WKDW RQO\ WKH SDWKV SDVVLQJ '� ILUVW DUH

OHJDO XQGHU 5HVWULFWLRQ ��

([DPSOH �� �D� 3DWKV IURP QRGH � WR QRGH ��
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�E� 3DWKV IURP QRGH �� WR QRGH ��
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��� 7KH PXOWLFDVW OLVW

)RU D PXOWLFDVW RSHUDWLRQ� LI WKH QXPEHU RI GHVWLQDWLRQ

QRGHV LV U� WKHQ WKHUH DUH U� PXOWLFDVW OLVWV� +RZHYHU� QRW

HYHU\ PXOWLFDVW OLVW FDQ EH SHUIRUPHG FRUUHFWO\ XQGHU WKH

EDVH URXWLQJ DOJRULWKP EHFDXVH WKH FRUUHVSRQGLQJ PXOWL�

FDVW SDWK PD\ QRW H[LVW� )LJ� � VKRZV VXFK DQ H[DPSOH

EDVHG RQ H�FXEH URXWLQJ� 7KH PXOWLFDVW OLVW LV ��� �� �!�

:H FDQ VHH WKDW� IROORZLQJ WKH RUGHU� WKH PHVVDJH LV ILUVW

VHQW IURP 3� WR 3� WKURXJK WKH SDWK �F���� F���� F����� 7KHQ�

ZKHQ WU\LQJ WR IRUZDUG WKH PHVVDJH IURP 3� WR 3�� WKHUH LV

QR OHJDO FKDQQHO EHFDXVH F��� LV DW GLPHQVLRQ � ZKLOH F���

LV DW GLPHQVLRQ �� DQG WKH PHVVDJHV FDQ QRW EH IRUZDUGHG

IURP F��� WR F��� XQGHU H�FXEH URXWLQJ� $ PXOWLFDVW OLVW LV

VDLG WR EH OHJDO LI WKHUH H[LVWV DW OHDVW RQH OHJDO FKDQQHO WR

IRUZDUG WKH PHVVDJH DW DQ\ WLPH� RWKHUZLVH LW LV LOOHJDO�

,Q WKLV VXEVHFWLRQ� ZH VKDOO JLYH D PHWKRG WR FRQVWUXFW

D OHJDO PXOWLFDVW OLVW IRU HYHU\ PXOWLFDVW RSHUDWLRQ� DQG

VKRZ WKH SURSRVHG DSSURDFK ZLOO QRW LQFXU GHDGORFN�

&RQVLGHU WKH PXOWLFDVW RSHUDWLRQ �V� ^G�� G�� G�� «� GU��`��

7KH VHW RI GHVWLQDWLRQ QRGHV ^G
�
� G

�
� G

�
� «� GU��` FDQ EH

VRUWHG LQFUHDVLQJO\ VR WKDW ZH FDQ REWDLQ D SHUPXWDWLRQ

�G

�
� G


�
� G


�
� «� G
U��� RI ^G

�
� G

�
� G

�
� «� GU��`� ZKHUH

G
L�G
L�� DQG �≤L�U� $ PXOWLFDVW OLVW FDQ EH FRQVWUXFWHG WR

EH �V� G

�
� G


�
� G


�
� «� G
U��! IRU �V� ^G

�
� G

�
� G

�
� «� GU��`��

6XFK D PXOWLFDVW OLVW LV FDOOHG WKH QDWXUDO OLVW� %HIRUH

VKRZLQJ WKDW WKH QDWXUDO OLVW LV D OHJDO PXOWLFDVW OLVW XQGHU

5HVWULFWLRQ �� OHW¶V VHH WKH H[DPSOH LOOXVWUDWHG LQ )LJ� �� ,Q

)LJ� �� WKH PXOWLFDVW ��� ^�� �� �`� LV SHUIRUPHG E\ XVLQJ

WKH QDWXUDO OLVW XQGHU 5HVWULFWLRQ �� %HWZHHQ WKH VRXUFH

QRGH 3� DQG WKH ILUVW GHVWLQDWLRQ QRGH 3�� WKHUH DUH WZR

DYDLODEOH SDWKV� �F���� F���� DQG �F���� F����� ,I �F���� F���� LV

VHOHFWHG WR VHQG WKH PHVVDJH� WKHQ WKHUH DUH WZR DYDLODEOH

SDWKV� �F���� F���� DQG �F���� F����� IRU IRUZDUGLQJ WKH PHV�

VDJH IURP 3� WR 3�� 2Q WKH RWKHU KDQG� LI �F���� F���� LV VH�

OHFWHG WR VHQG WKH PHVVDJH� WKHQ WKHUH LV RQO\ RQH DYDLO�

DEOH SDWK� �F���� F����� 7KH UHDVRQ LV WKDW F��� DQG F��� DUH

ERWK DW GLPHQVLRQ �� DQG F��� LV QHJDWLYH� 7KHUHIRUH� LW LV

QRW DOORZHG WR IRUZDUG WKH PHVVDJH IURP F��� WR F���� 7KH

ODVW FKDQQHO LQ WKH PXOWLFDVW SDWK LV F���� 6LQFH F��� LV D

SRVLWLYH FKDQQHO� LW LV DOZD\V OHJDO IRU IRUZDUGLQJ WKH

PHVVDJH IURP 3� WR 3�� ,Q WKH IROORZLQJ WKHRUHPV� ZH ZLOO

VKRZ WKDW WKH QDWXUDO OLVW LV OHJDO XQGHU 5HVWULFWLRQ �� DQG

WKDW WKH QDWXUDO OLVW DSSURDFK LV GHDGORFN�IUHH�

7KHRUHP �� 7KH QDWXUDO OLVW IRU �V� ^G�� G�� G�� «� GU��`� LV

D OHJDO PXOWLFDVW OLVW XQGHU 5HVWULFWLRQ ��

3URRI� 6XSSRVH �V� G
�� G
�� G
�� «� G
U��! LV WKH QDWXUDO OLVW

IRU �V� ^G�� G�� G�� «� GU��`�� )RU WKH IROORZLQJ WZR UHDVRQV�

WKHUH H[LVWV DW OHDVW RQH OHJDO FKDQQHO XQGHU 5HVWULFWLRQ �

WR IRUZDUG WKH PHVVDJH DW DQ\ WLPH

��� 7KH PXOWLFDVW PHVVDJH FDQ EH VHQW IURP V WR G
� XQGHU

5HVWULFWLRQ � DV DQ XQLFDVW� 7KHUHIRUH� WKHUH H[LVWV DW

OHDVW RQH OHJDO FKDQQHO WR IRUZDUG WKH PHVVDJH IURP V

WR G
� DW DQ\ WLPH�

��� &RQVLGHU DQ\ �G
L� G
L���� �≤L�U��� LQ WKH QDWXUDO OLVW�

%HFDXVH G
L� G
L��� WKH KLJKHVW GLPHQVLRQDO FKDQQHO RI

G
L WKDW FDQ EH VHOHFWHG WR IRUZDUG WKH PHVVDJH WR G
L��

PXVW EH SRVLWLYH� /HW WKH FKDQQHO EH GHQRWHG E\ F
K

�

:KHQ WKH PXOWLFDVW PHVVDJH DUULYHV G
L� QR PDWWHU

ZKLFK FKDQQHO LW FRPHV IURP� F
K

FDQ EH VHOHFWHG WR

IRUZDUG WKH PHVVDJH� +HQFH� WKHUH LV DW OHDVW RQH OHJDO

FKDQQHO WKDW FDQ EH VHOHFWHG DV WKH ILUVW FKDQQHO WR

IRUZDUG WKH PHVVDJH IURP G
L WR G
L�� XQGHU 5HVWULFWLRQ

�� $IWHU WKH ILUVW FKDQQHO LV VHOHFWHG� 5HVWULFWLRQ � FDQ

EH XVHG FRQWLQXDOO\ VR WKDW WKH PHVVDJH FDQ EH VHQW WR

G
L�� FRUUHFWO\� 7KHUHIRUH� WKHUH H[LVWV DW OHDVW RQH OHJDO

FKDQQHO WR IRUZDUG WKH PHVVDJH IURP G
L WR G
L�� DW DQ\

WLPH�

)URP WKH DERYH UHDVRQV� 7KH QDWXUDO OLVW IRU �V� ^G�� G��

G�� «� GU��`� LV D OHJDO PXOWLFDVW OLVW XQGHU 5HVWULFWLRQ ��

3� 3�

3�

3�

3� 3�

3� 3�

)LJ� �� $Q LOOHJDO PXOWLFDVW OLVW ��� �� �!
XQGHU H�FXEH URXWLQJ�

3� 3�

3� 3�

3� 3�

3�
3�

)LJ� �� 7KH SDWKV IRU WKH QDWXUDO OLVW ��� ��
�� �! XQGHU 5HVWULFWLRQ ��



/HPPD �� ,Q WKH FKDQQHO�ZDLWLQJ JUDSK RI WKH QDWXUDO OLVW

DSSURDFK� WKHUH LV QR H[WHUQDO FKDQQHO ZDLWLQJ IRU D QHJD�

WLYH FKDQQHO LQ WKH VDPH RU D KLJKHU GLPHQVLRQ�

3URRI� )URP 7KHRUHP �� WKH QDWXUDO OLVW IRU D PXOWLFDVW LV

D OHJDO PXOWLFDVW OLVW XQGHU 5HVWULFWLRQ �� +HQFH� DOO WKH

FKDQQHOV LQ WKH PXOWLFDVW SDWKV IRU WKH QDWXUDO OLVW FRQ�

IRUP WR 5HVWULFWLRQ �� 6XSSRVH F
O
DQG F

P
DUH WZR FKDQQHOV

LQ WKH PXOWLFDVW SDWKV� ,I F
O
ZDLWV IRU F

P
DQG O≤P� WKHQ F

P

PXVW EH SRVLWLYH� 7KHUHIRUH� LQ WKH FKDQQHO�ZDLWLQJ JUDSK

RI WKH QDWXUDO OLVW DSSURDFK� WKHUH LV QR H[WHUQDO FKDQQHO

ZDLWLQJ IRU D QHJDWLYH FKDQQHO LQ WKH VDPH RU D KLJKHU

GLPHQVLRQ�

7KHRUHP �� 7KH QDWXUDO OLVW DSSURDFK IRU PXOWLFDVW LV

GHDGORFN�IUHH XQGHU 5HVWULFWLRQ ��

3URRI� ,Q WKH IROORZLQJ SURRI� ZH DVVXPH WKDW WKH WDUJHW

V\VWHP LV D RQH�SRUW V\VWHP� 6LQFH D PXOWL�SRUW V\VWHP

SURYLGHV PRUH LQWHUQDO FKDQQHOV WKDQ WKH RQH�SRUW V\VWHP�

LW FDQ EH GLUHFWO\ GHULYHG WKDW WKH IROORZLQJ SURRI LV DOVR

WUXH IRU D PXOWL�SRUW V\VWHP�

/HW WKH H[WHUQDO FKDQQHOV RI WKH Q�GLPHQVLRQDO K\SHU�

FXEHV EH JURXSHG LQWR Q VXEVHWV� &
K
� �≤K�Q� ZKHUH &

K

FRQWDLQV DOO WKH FKDQQHOV LQ GLPHQVLRQ K� 7KH SURRI LV E\

LQGXFWLRQ RQ K WR VKRZ WKDW WKHUH LV QR FKDQQHO LQ &
K
LQ�

YROYHG LQ D GHDGORFN�

��� &RQVLGHU K Q��� ,I WKHUH LV DQ\ FKDQQHO LQ &
Q��

LQ�

YROYHG LQ D GHDGORFN� D F\FOH FDQ EH IRXQG LQ WKH FKDQ�

QHO�ZDLWLQJ JUDSK� )URP /HPPD �� WKHUH PXVW H[LVWV D

QHJDWLYH FKDQQHO F
�Q����

LQYROYHG LQ WKH FKDQ�

QHO�ZDLWLQJ F\FOH� )RU WKH IROORZLQJ UHDVRQV� VXFK D

F\FOH GRHV QRW H[LVW� +HQFH� WKHUH LV QR FKDQQHO LQ &
Q��

LQYROYHG LQ D GHDGORFN�

�D� )URP 5HVWULFWLRQ � DQG /HPPD �� WKHUH LV QR

FKDQQHO F
O
� O≤ Q��� ZDLWLQJ IRU F

�Q����
� 7KHUHIRUH�

WKHUH LV QR H[WHUQDO FKDQQHO ZDLWLQJ IRU F
�Q����

�

�E� %HFDXVH RI WKH QDWXUDO OLVW DSSURDFK� WKH DGGUHVV RI

WKH QH[W GHVWLQDWLRQ PXVW EH ODUJHU WKDQ WKDW RI WKH

FXUUHQW QRGH� +HQFH� WKHUH LV QR F
�Q����

UHTXLUHG IRU

IRUZDUGLQJ WKH PHVVDJH� 7KHUHIRUH� WKHUH LV QR LQ�

WHUQDO LQSXW FKDQQHO ZDLWLQJ IRU F
�Q����

�

6LQFH QR FKDQQHO ZLOO ZDLW IRU F
�Q����

� F
�Q����

PXVW

QRW EH LQYROYHG LQ DQ\ F\FOH� 7KXV� QR FKDQQHO LQ

&
Q��

LV LQYROYHG LQ D GHDGORFN�

��� 6XSSRVH WKHUH LV QR FKDQQHO LQ &
K
� N≤K≤Q��� LQYROYHG

LQ D GHDGORFN�

��� :H VKDOO SURYH WKDW WKHUH LV QR FKDQQHO LQ &
K
� K N���

LQYROYHG LQ D GHDGORFN� 6XSSRVH WKHUH LV D GHDGORFN�

IURP ��� DQG ���� DOO WKH FKDQQHOV LQ WKH FKDQ�

QHO�ZDLWLQJ F\FOH FRUUHVSRQGLQJ WR WKH GHDGORFN DUH LQ

WKH GLPHQVLRQV OHVV WKDQ N� )URP /HPPD �� LI WKHUH LV

DQ\ FKDQQHO LQ &
N��
LQYROYHG� WKHUH PXVW H[LVWV D QHJD�

WLYH FKDQQHO F
�N����

LQYROYHG LQ WKH FKDQQHO�ZDLWLQJ F\�

FOH� )URP WKH VDPH UHDVRQ VKRZQ LQ ����D�� WKHUH LV QR

FKDQQHO F
O
� O≤ N��� ZDLWLQJ IRU F

�N����
� 7KXV� WKH RQO\

SRVVLEOH FRQGLWLRQ LV WKDW VRPH LQWHUQDO LQSXW FKDQQHO

FM
,1
ZDLWLQJ IRU F

�N����
LQ WKH F\FOH� %HFDXVH RI WKH QDWX�

UDO OLVW DSSURDFK� WKH DGGUHVV RI WKH QH[W GHVWLQDWLRQ

PXVW EH ODUJHU WKDQ WKDW RI WKH FXUUHQW QRGH� 7KHUHIRUH�

LI FM
,1
ZDLWV IRU F

�N����
� WKHUH PXVW H[LVW D SRVLWLYH FKDQ�

QHO F
K¶�
� K¶≥ N� WKDW FRXOG EH XVHG WR IRUZDUG WKH PHV�

VDJH� 6LQFH F
K¶�

LV QRW LQYROYHG LQ DQ\ GHDGORFN� WKH

PHVVDJH FDQ EH IRUZDUGHG WKURXJK F
K¶�

HYHQWXDOO\� DQG

FM
,1

FDQ VWRS ZDLWLQJ IRU F
�N����

� )RU WKLV UHDVRQ� QR

FKDQQHO ZLOO ZDLW IRU F
�N����

IRUHYHU� DQG QR F\FOH FRQ�

WDLQLQJ F
�N����

ZLOO FDXVH GHDGORFN�

)URP WKH DERYH GLVFXVVLRQ� LW FDQ EH SURYHG WKDW WKH

QDWXUDO OLVW DSSURDFK IRU PXOWLFDVW RSHUDWLRQ LV GHDG�

ORFN�IUHH XQGHU 5HVWULFWLRQ ��

�� 3HUIRUPDQFH $QDO\VLV

,Q RUGHU WR VKRZ WKH DGYDQWDJH RI WKH SURSRVHG DS�

SURDFK� ZH DQDO\]H LWV SRWHQWLDO DGDSWLYLW\ DQG FRPSDUH

WKH UHVXOW ZLWK WKDW RI WKH 8'�SDWK PHWKRG >�@� 7KH SR�

WHQWLDO DGDSWLYLW\ LV PHDVXUHG E\ WKH DYHUDJH QXPEHUV RI

SDWKV IURP WKH VRXUFH QRGH WR WKH ILUVW GHVWLQDWLRQ QRGH�

DQG IURP D GHVWLQDWLRQ QRGH WR WKH QH[W GHVWLQDWLRQ QRGH�

7KH DYHUDJH QXPEHU RI SDWKV IURP WKH VRXUFH QRGH WR WKH

ILUVW GHVWLQDWLRQ QRGH LV HTXLYDOHQW WR WKH DYHUDJH QXPEHU

RI SDWKV IRU DOO XQLFDVWV� 7KDW ZLOO EH GLVFXVVHG LQ VXEVHF�

WLRQ ���� ,Q VXEVHFWLRQ ���� ZH DQDO\]H WKH QXPEHU RI

SDWKV IURP D GHVWLQDWLRQ QRGH WR WKH QH[W GHVWLQDWLRQ QRGH

LQ D QDWXUDO OLVW�

��� 7KH DYHUDJH QXPEHU RI SDWKV IRU XQLFDVWV

6XSSRVH� LQ D XQLFDVW �V� G�� WKH GLVWDQFH EHWZHHQ V DQG

G LV N� 7R FRPSXWH WKH DYHUDJH QXPEHU RI SDWKV EHWZHHQ V

DQG G� ZH PD\ DVVXPH WKDW �V� G� LV D SDLU RI DQWLSRGDO

QRGHV LQ D N�GLPHQVLRQDO K\SHUFXEH� 7KH QXPEHU RI SDWKV

IRU HDFK SDLU �V� G� LV GHSHQGV RQ WKH DGGUHVVHV RI WKHP�

7KHUH DUH �
N
SRVVLEOH FRPELQDWLRQV RI DGGUHVVHV IRU V DQG

G� 7KH VHW RI DOO WKHVH FRPELQDWLRQV FDQ EH GHQRWHG E\

6N ^�V� G�_ �V� G� LV D SDLU RI DQWLSRGDO QRGHV LQ D

N�GLPHQVLRQDO K\SHUFXEH`�

6N FDQ EH GLYLGHG LQWR WZR VXEVHWV 6N

�
DQG 6N

�
E\ WKH VLJQ

RI WKH KLJKHVW GLPHQVLRQDO FKDQQHO F
N��

UHTXLUHG IRU VHQG�
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