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ABSTRACT

The binary hypercube,or n-cube, has beenwidely
usedas the interconnectionnetwork in parallel com-
puters.However, themajordrawbackof thehypercube
is the increasein thenumberof communicationlinks
for eachnodewith the increasein thetotal numberof
nodesin thesystem.Thispaperintroducesanew inter-
connectionnetwork for large-scaledistributed mem-
ory multiprocessorscalled dual-cube. This network
mitigatesthe problemof increasingnumberof links
in thelarge-scalehypercubenetwork while keepsmost
of thetopologicalpropertiesof thehypercubenetwork.
We investigatethe topologicalpropertiesof the dual-
cube, comparethem with other hypercube-like net-
works,andestablishthe basicrouting andbroadcast-
ing algorithmsfor dual-cubes.

1. INTRODUCTION

The binaryhypercubehasbeenwidely usedasthe
interconnectionnetwork in a wide variety of parallel
systemssuchasIntel iPSC,thenCUBE[4], theCon-
nectionMachineCM-2 [7], andSGI Origin 2000[6].
A hypercubenetwork of dimensionn containsupto 2n

nodesandhasn edgespernode.If uniquen-bit binary
addressesareassignedto thenodesof hypercube,then
anedgeconnectstwo nodesif andonly if their binary
addressesdiffer in a singlebit. Becauseof its elegant
topologicalpropertiesandtheability to emulateawide

variety of other frequentlyusednetworks, the hyper-
cubehasbeenoneof themostpopularinterconnection
networks for parallel computer/communicationsys-
tems.

However, the conventionalhypercubehasa major
shortage,thatis, thenumberof links pernodein asys-
tem increaseslogarithmically as the total numberof
nodesin the systemincreases.Sincethe numberof
links is limited to eightpernodewith currentIC tech-
nology, thetotal numberof nodesin a hypercubepar-
allel computeris restrictedto severalhundreds.There-
fore,it is interestingto developaninterconnectionnet-
work which keepsmost of topologicalpropertiesof
hypercubes,andincreasethetotal numberof nodesin
thesystemwith afixedamountof links pernode.

In this paper, we proposea new interconnection
network, calleddual-cube. The dual-cubesharesthe
desiredpropertiesof the hypercube,and increases
tremendouslythetotal numberof nodesin thesystem
with limited links per node. Especially, the follow-
ing key propertyof the hypercubeis also true in the
dual-cube:eachnodecanbe representedby a unique
binary numbersuchthat two nodesareconnectedby
anedgeif andonly if thetwo binarynumbersdiffer in
onebit only. However, thesizeof thedual-cubecanbe
aslarge aseight thousandswith up to eight links per
node.

Severalvariationsof thehypercubehave beenpro-
posedin theliterature.Somevariationsfocusedon the
reductionof diameterof thehypercube,suchasfolded
hypercube[1] andcrossedcube[2]; somefocusedon
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Figure 1. Three hypercube variations (# edges = 3)

thereductionof thenumberof edgesof thehypercube,
suchascube-connectedcycles[5] andreducedhyper-
cube[8]; andsomefocusedontheboth,likehierarchi-
cal cubicnetwork [3].

The diameter of a network is definedas the max-
imum of the shortestdistancesfor all pairsof nodes.
Thediameterof theconventionalhypercubeis n for the
n-dimensionalhypercube.This is smallerthanthatof
many othernetworkswith thesamenumberof nodes.
Generally, thevariationsof thehypercubethat reduce
thediameter, e.g. crossedcubeandhierarchicalcube,
will notsatisfythekey propertyin thehypercubemen-
tionedabove. Thiskey propertyis at thecoreof many
algorithmicdesignsfor efficient routing andcommu-
nication.

A folded hypercube[1] is constructedfrom a con-
ventionalhypercubeby connectingeachnodeto the
uniquenodethatis farthestfrom it. Thefoldedhyper-
cubemayperformbetterthanthecorrespondingcon-
ventionalhypercubebecauseof its smallerdiameter,
which is

�
n � 2� for a network with 2n nodes.Because

thefoldedhypercubeneedsanextralink for eachnode,
it resultsin higherVLSI complexity.

Thecrossedcube[2] CQ(n) usesthesameamount
of resourcesastheconventionalhypercube.Its diam-
eteris abouthalf of thediameterof thehypercube,or
more precisely, it is

���
n � 1��� 2� for a network con-

taining2n nodes.The crossedcubeis constructedby
repositioningsomeof edgesin hypercube.Fig. 1(a)
shows acrossedcubewith 3 edges,or CQ(3).

The hierarchicalcubic network [3] HCN(n � n) has
2n clusters,whereeachclusteris a n-cube.Eachnode
in the HCN(n � n) hasn � 1 links connectedto it. Of

these,n linksareusedinsidethecluster. Theadditional
link is usedto connectnodesamongclusters.Fig.1(b)
shows a hierarchicalcubic network with 3 edges,or
HCN(2,2). The advantagesof the hierarchicalcubic
network are that the numberof links requiredis re-
ducedapproximatelyto half as many links per node
andthediameteris reducedto aboutthree-fourthof a
correspondinghypercube.

The cube-connectedcycles [5] CCC(n) is con-
structedfrom then-dimensionalhypercubeby replac-
ing eachnodein hypercubewith a ring containingn
nodes.Eachnodein a ring thenconnectsto a distinct
nodein one of the n dimensions. The advantageof
thecube-connectedcyclesis that thenode’s degreeis
always3, independentof thevalueof n.

The reducedhypercube[8] RH(k � m) is obtained
from the n-dimensionalhypercubeby reducingnode
edgesin hypercubeby following ruleswherek � 2m 	
n. Thereare 22m

clustersand eachcluster is a con-
ventional k-dimensionalhypercube. Of the higher
n 
 k 	 2m dimensions,anodehasonly onedirectcon-
nectionto anothernode. This dimensionof the con-
nectionis decidedby the leftmostm bits in the k-bit
field, i.e., the (2i � k)dimension,wherei is the value
of them-bit binarynumber. Fig. 1(c) shows a reduced
hypercubewith 3 edges,or RH(2,1). The numberof
edgesof RH(k � m) is reducedto k � 1.

Origin2000[6] is constructedwith conventionalhy-
percubeor foldedcubewhenthenumberof processors
is not so large (lessthanor equalto 64 processorsfor
instance).Origin2000reducesthenumberof links re-
quiredwhenthesystemscaleincreasesby introducing
CrayRoutersusedby the systemamonghypercubes



(called fat hypercube).CrayRouteris the high level
router that doesnot connectprocessorsdirectly. The
processorsare attachedto the regular routerswithin
the hypercubes. Each router has six links (one of
theseiscalledCrayLink),two linksareusedto connect
two nodes,whereeachnodecontainstwo processors.
Therefore,a router has four processors,three local
links usedfor hypercube,andaCrayLinkusedto con-
nectto a CrayRouter. Whenthenumberof processor
increases,thenumberof CrayRoutersandthedimen-
sionof eachCrayRouterwill alsoincrease.Thelargest
Origin2000 systemcan connectup to 25 � 23 � 4,
or 1024,processors.It will useeight 5-dimensional
CrayRoutersand256regularrouters.

It is practically important to refine the hypercube
networks suchthat the sizeof thenetwork canbe in-
creasedwhile thenumberof thelinks pernodeis lim-
itedby thetechnology. If thenumberof links pernode
is n, theconventionalhypercubecanconnectup to 2n

node;thehierarchicalcubicnetwork canconnect22n � 2

nodes;while thedual-cubecanconnect22n � 1 nodes.
A dual-cubeusesbinaryhypercubesasbasiccom-

ponents.Eachsuchhypercubecomponentis referred
to asa cluster. Assumethat thenumberof nodesin a
clusteris 2m. In adual-cube,therearetwo classes with
eachclassconsistingof 2m clusters.Thetotal number
of nodesis 2m � 2m � 2, or 22m  1. Therefore,thenode
addresshas2m � 1 bits. Theleftmostbit is usedto in-
dicatethe type of the class(class0 andclass1). For
theclass0, the rightmostm bits areusedasthe node
ID within theclusterandthemiddlem bitsareusedas
theclusterID. For theclass1, therightmostm bitsare
usedastheclusterID andthemiddlem bitsareusedas
thenodeID within thecluster. Eachnodein a cluster
of class0 hasoneandonly oneextra connectionto a
nodein aclusterof class1. Thesetwo nodeaddresses
differ only in theleftmostbit position.

In a r-connecteddual-cube,r 
 1 edgesare used
within clusterto constructan

�
r 
 1� -cubeanda sin-

gle edgeis usedto connecta nodein a clusterof an-
otherclass. Thereis no edgebetweenthe clustersof
the sameclass. If two nodesarein onecluster, or in
two clustersof distinct classes,the distancebetween
the two nodesis equalto its Hammingdistance,the
numberof bits wherethetwo nodeshave distinctval-
ues. Otherwise,it is equalto the Hammingdistance
plus two: one for enteringa clusterof anotherclass

andonefor leaving.
Therestof this paperis organizedasfollows. Sec-

tion 2 describesthedual-cubestructurein details.Sec-
tion 3 discussesthetopologicalpropertiesof thedual-
cube.Section4 givestheroutingandbroadcastingal-
gorithms.Section5 concludesthepaperandpresents
somefutureresearchdirections.

2. DUAL-CUBE INTERCONNECTION NET-
WORK

A r-connecteddual-cubeFr is a undirectedgraph
on the node set � 0 � 1� 2r � 1 such that there is an
edgebetweentwo nodesu 	 �

u2r � 1 ����� u1 � and v 	�
v2r � 1 ����� v1 � in Fr if andonly if the following condi-

tionsaresatisfied:

(1) u andv differ exactly in onebit positioni.
(2) if 1 � i � r 
 1 thenu2r � 1

	 v2r � 1
	 0.

(3) if r � i � 2r 
 2 thenu2r � 1
	 v2r � 1

	 1.

Intuitively, the set of the nodes u of form�
0u2r � 2 ����� ur � ����� � � , where � means“don’t care”,con-

stitutesa
�
r 
 1� -dimensionalhypercube.Wecall these

hypercubesclusters of class0. Similarly, the set of
thenodesu of form

�
1 � ����� � ur � 1 ����� u1 � constitutesa�

r 
 1� -dimensionalhypercube,andwecall themclus-
tersof class1. The edgeconnectstwo nodesin two
clustersof distinctclassis calledcross-edge. In other
word, � u � v � is across-edgeif andonly if u andv differ
at theleftmostbit positiononly.

Class 1Class 0 Class 0

00

11

00

1110

0101

10

0
00
00

0
00
01

0
00
10

0
00
11

0
11
00

0
11
01

0
11
10

0
11
11

1
00
00

1
11
00

1
01
00

1
10
00

0
10
00

0
10
01

0
10
10

0
10
11

0
01
00

0
01
01

0
01
10

0
01
11

1
00
11

1
11
11

1
01
11

1
10
11

1
00
01

1
11
01

1
01
01

1
10
01

1
00
10

1
11
10

1
01
10

1
10
10

Figure 2. The dual-cubes F3

We divide the binary representationof a nodeinto
threeparts:Part I is therightmostr 
 1 bits, part II is
thenext r 
 1 bits, andpart III is theleftmostbit. For
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Figure 3. The dual-cubes F4

thenodesin aclusterof class0 (class1), partI (partII)
is callednode ID andpartII (partI) is calledcluster ID.
Part III is a class indicator. Theclustercontainsnode
u is denotedasCu. For any two nodesu andv in Fr,
Cu

	 Cv if andonly if u andv arein thesamecluster.
Fig. 2 depictsanF3 network. Theclassindicatoris

shown at thetop positionin thenodeaddress.For the
nodesof class0 (class1), thenodeID (clusterID) is
shown at the bottom,andthe clusterID (nodeID) is
shown at the middle. Fig. 3 shows only thoseedges
connectingto cluster0 of class1.

3. TOPOLOGICAL PROPERTIES

Throughthispaper, weusethefollowing terminolo-
gies.Let G beaundirectedgraph.A pathfrom nodes
to nodet in G is denotedby s � t. The lengthof the
pathis the numberof edgesin thepath. For any two
nodess andt in G, we denoted

�
s � t � asthe lengthof

a shortestpathconnectings andt. Thediameterof G
is definedasd

�
G � 	 max� d � s � t ��� s � t � G � . The con-

nectivity of G is definedto betheminimumnumberof
nodeswhoseremoval disconnectsG or reducesit to a
singlenode.G is k-connectedif its connectivity is k.

A topology is evaluatedin termsof a numberof
parameterssuchasdegree,diameter, bisectionwidth,
cost (definedas the productof the degreeanddiam-
eter),averagedistancefor any two nodes,regularity,
symmetryetc. We shouldconsiderthe network cost
as the main parameterfor measuringand comparing
of thedifferenttopologies.Otherimportantmeasures
for networks include the existenceof simple routing
and communicationalgorithms. The dual-cubenet-
works have a binary presentationof nodesin which
two nodesareconnectedby anedgeif andonly if they
differ in onebit position,just asin hypercubes.This
featuresis the key for designingefficient routing and
communicationalgorithmson dual-cubes. Another
importantfeaturesof thedual-cubesis that,within the
given boundon the numberof links per node,sayr,
thenetwork canhave upto 22r � 1 nodes,morethanthe
hypercubesor thehierarchicalcubescanhavewith the
sameboundon thenodedegree.

Table1 summarizesthedegree,diameter, cost,av-
eragenodedistance,andbisectionwidth of thehyper-
cubeand the dual-cubenetworks, assumingthat the
two networkshave thesamenumberof nodeswhich is



2n, wheren is anoddinteger. Thedual-cubeshows a
significantgain in the costof the network. Sincethe
numberof nodesin Fr is 22r � 1, wehave r 	 �

n � 1��� 2.
Thediameterandtheaveragenodedistanceof Fr will
be shown in the next sections. The bisectionwidth
of Fr is obtainedby letting F1

r
	 half of the clus-

ters of class0 � half of the clustersof class1, and
F2

r
	 Fr 
 F1

r . It is easyto seethattheremoval of 2n � 4
edgeswill disconnectF1

r andF2
r , andthis numberis

theminimumfor bisectingFr.
Next, we considerthe problem of recursive con-

structionof Fr from Fr � 1. Sincethenumberof nodes
in Fr is four times the numberof nodesin Fr � 1, we
needfour Fr � 1 in orderto constructa Fr. First, we in-
troducethefollowing notation:Sb2b1

a (a � b1 � andb2 are
singlebits) is definedasthesetof clustersof classa in
theith Fr � 1, wherei 	 b2b1

�
0 � i � 3� .

The node addressin Fr is assignedas follows.
Supposethe nodeaddressin Fr � 1 hasthe format of�
axr � 2 ����� x1yr � 2 ����� y1 � , where xr � 2 ����� x1 is a cluster

(node)ID andyr � 2 ����� y1 isanode(cluster)ID for a 	 0
(a 	 1), thenthenodeaddressin Fr hastheformatof�
ab2xr � 2 ����� x1b1yr � 2 ����� y1 � .

The Fr is constructedas follows: 2r � 1 clustersof
class 0 in Fr are formed by pairwisely connecting
nodesin S00

0 with nodesin S01
0 , andnodesin S10

0 with
nodesin S11

0 ; similarly, 2r � 1 clustersof class1 in Fr

areformedby pairwiselyconnectingnodesin S00
1 with

nodesin S10
1 , andnodesin S01

1 with nodesin S11
1 . By

following this rule, it is easyto seethat if two nodes
areconnected,theiraddressesdiffer in only onebit po-
sition: theaddressesof two nodesin class0 (1) differ
in b1 (b2), andthe addressesof two nodesin distinct
classesdiffer in theclassindicatorbit.

Fig. 4 shows the recursive constructionof F2 and
F3 from F1 and F2, respectively. The recursive con-
nectionsaremarkedwith bold linesandcurves. F1 in
Fig. 4(a)is a K2 thathasonly two nodes,onefor each
class.Fig.4(c) is thesameasFig.4(b),andFig.4(d) is
thesameasFig. 2. Theb2b1 is written in theleft side
in Fig. 4(b) andFig. 4(d). It is easyto checkthat the
cross-edgesarecorrectlyplacedin thisconstruction.

4. ROUTING AND BROADCASTING

The problemof finding a path from a sources to
destinationt andforwardinga messagealongthepath

is known as the routing problem. The broadcasting
task is to senda messagefrom a sourceto all other
nodes. Routingandbroadcastingare the basiccom-
municationproblemsfor interconnectionnetworks. In
thissection,wewill describeroutingandbroadcasting
algorithmsfor thedual-cubenetworks.

In orderto describetheroutingalgorithm,we need
somenotationfor theneighbornodesof anodes � Fr.
The r neighbornodesof s, s � i � � 1 � i � r, are de-
noted as follows: Assumes is of class0 and s 	�
0a2r � 2 ����� a1 � , thens � i ��	 �

0a2r � 2 ����� ai  1āiai � 1 ����� a1 � ,
where1 � i � r 
 1, and s � r ��	 �

1a2r � 2 ����� a1 � . As-
sumes is of class1 ands 	 �

1a2r � 2 ����� a1 � , then,s � i ��	�
1a2r � 2 ����� a j  1ā ja j � 1 ����� a1 � , wherer � j � 2r 
 2 and

i 	 j 
 �
r 
 1� , ands � r ��	 �

0a2r � 2 ����� a1 � .
Theroutingalgorithmis asfollows. If Cs

	 Ct then
it is the routing in hypercubes.AssumethatCs �	 Ct .
If Cs andCt areof differentclasses,sayCs of class0
andCt of class1, then we first routing s to s � in Cs

suchthatthenodeID of s � is thesameastheclusterID
of t. Then,routing s � to t � � Ct througha cross-edge.
Finally, t � canberoutedto t in Ct . Next, assumethatCs

andCt areof thesameclass,sayCs andCt areof class
0. We first routings to s � in Cs suchthat thenodeIDs
of s � andt arethesame.Then,weroutes � to s � � through
a cross-edge(theclusterID of s � � is equalto thenode
ID of t). Next, weroutes � � to t � in Cs ! ! (of class1) such
thatthenodeID of t � is thesameastheclusterID of t.
Finally, routet � to t in onestepthrougha cross-edge.

From theabove routingalgorithm,assumingthat s
andt aredifferentin k � 2r 
 1 bits, the lengthof the
routingpathis k if Cs

	 Ct orCs andCt areof different
classes,otherwise,it is k � 2. Notice that if Cs and
Ct areof the sameclass(say, class0)), thenthe path
connectings andt shouldpassthroughanodein class
1. This impliesthattheshortestpathconnectings and
t is of lengthat leastk � 2. Therefore,Theorem1 is
true.

Theorem 1 Assume that nodes s and t in Fr differ in
k bit-positions. The distance between sand t, d

�
s � t � 	

k � 2 if s and t are in the different clusters of the same
class; otherwise d

�
s � t � 	 k. If s and t are of the same

class and k 	 2r 
 2 then the distance is the same as
the diameter of Fr, d

�
Fr � 	 d

�
s � t � 	 2r.

In an n-dimensionalhypercube,the averagedis-
tancebetweenany two nodesis

�
∑n

i " 0C
�
n � i � � i ��� 2n 	



Table 1. Hyper cube v.s. Dual-cube
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Figure 4. The construction of F2 and F3 from F1 and F2 respectivel y

n � 2. To calculatetheaveragenodedistanceof F2r � 1,
assumethatnodes is in theclusterof class0 in F2r � 1.
Then the averagedistancebetweens andnodesu in
the clustersof class 1, avg(d

�
s � u � ), can be calcu-

lated as follows: First, we computethe averagedis-
tancebetweens and the 2r � 1 clustersof class1. It
is
�
1� 2r � 1 � ∑r � 1

i " 0 C
�
r 
 1 � i � � �

i � 1� 	 1 � �
r 
 1��� 2.

Therefore,we getavg(d
�
s � u ��� 	 1 � �

r 
 1��� 2 � �
r 


1��� 2 	 r. Similarly, the averagedistancebetweens
andnodev in theclustersof class0, avg

�
d
�
s � v ��� can

bederivedasfollows: avg
�
d
�
s � v ��� 	 �

2 � �
r 
 1��� 2 


2� 2r � 1 � � �
r 
 1��� 2 	 r � 1 
 1� 2r � 2, wherethefirst

term,representingtheaveragedistancebetweens and

the 2r � 1 clustersof class0, comesfrom the fact that
the shortestpathsfrom s to all clustersof class0 ex-
cepttheclustercontainings, requiretwo crossedges.
Fromtheabove two formula,we concludethattheav-
eragenodedistanceof F2r � 1 is r � 1� 2 
 1� 2r � 1.

Thebroadcastingprocessshouldsatisfysomedesir-
ableproperties:(1) A nodeshouldnot send(receive)
the messagesimultaneouslyto (from) more thanone
of its neighbors;(2) A nodereceivesthemessageex-
actly oncefor the wholedurationof thebroadcasting
process.We show an optimal broadcastingalgorithm
whichcompletesbroadcastingin optimaltime(i.e.,the
diameterof the dual-cube)underthe two restrictions



listedabove.
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Figure 5. Broadcasting in F3

The algorithm for broadcastingfrom a sources
works as follows: Assumethat Cs is of class0 (the
casethatCs is of class1 canbe donesimilarly). The
sources first sendthemessageto its neighbors � 	 s � r �
throughacross-edge.Then,s ands � broadcastssimul-
taneouslythemessageto all nodesin Cs andCs ! using
binomial treesof Cs andCs ! with roots s and s � , re-
spectively. Next, every nodeu � Cs % � s � and every
nodeu � � Cs ! % � s � � sendsthemessageto its neighbor
v 	 u � r � and v � 	 u � � r � througha cross-edge,respec-
tively. Finally, every v andv � broadcaststhemessage
to all nodesin Cv andCv ! .

Fig. 5 shows the broadcastingin F3. The sending
nodehastheaddressof 00000.Thenumbersin thefig-
urearethenumbersof stepsduring thebroadcasting.
From the above algorithm, the broadcastingis com-
pletedin 1 � �

r 
 1� � 1 � �
r 
 1� 	 2r steps.There-

fore, thefollowing theoremis true.

Theorem 2 Broadcasting in Fr can be done in d
�
Fr �

optimal time under the restricted one-port communi-
cation model.

5. CONCLUSION

In this paper, we proposeda new interconnection
network, dual-cube,andshowedmany attractive prop-
ertiesof the dual-cubeincluding recursive construc-

tion, efficient routingandbroadcasting.A lot of issues
concerningdual-cubesareworth furtherresearch.We
list someof thembelow. (1) Investigatethecollective
communicationin dual-cubes.(2) Investigatetheem-
beddingof otherfrequentlyusedtopologiesinto dual-
cubes.(3) Developthetechniquesfor mappingappli-
cationalgorithmsontodual-cubes.(4) Findmaximum
numberof disjoint pathsbetweenany two nodesin a
dual-cube,or a fault-freepathbetweenany two non-
faulty nodesin a faulty dual-cube.
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