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Abstract—For a graph G=(V,E), let N,(v) and
N,(v) denote the set of vertices that are at distance one
and two from V respectively. A subset DcV(G) is
said to be a D,,,-dominating set of G if every vertex
veV satisfies w,(v)=3 where w,(v)=3[{v}ND| +
2|N,(v)ND| + [N,(v)ND|. The minimum cardinality
of a D,,,-dominating set of G, denoted as y,,,(G), is
In this
paper we obtained the D,,,-domination number of the

called the D,,,-domination number of G .

composition of two paths and a path with a cycle.
Index Terms— D,,, -domination, composition,

D, ,, -domination number.

.  INTRODUCTION
We consider only simple and connected

graphs. A graph G=(V,E) contains a set V
of verticesand aset E of edges. The distance
d(x,y) of two vertices x and y is the length
of the shortest Xx—y  path. The
distance-k-neighborhood N, (v) of vertex v,

definedas N, (v)={uev|d(uv)=k},istheset

of those vertices that are at distance k from v.
Figure 1 shows an example of a graph G with

V={abcd,ef} whee Ny (a)={bd} |,
N,(a)={c,e f}. For a graph G=(V,E), a
dominating set DcV of G is a set of vertices
such that for each ueV-D, N (u)ND=Q.

The distance-k-dominating set of a graph G is
defined as the subset D <V such that for each

ueV-D, U(N(uND)z@ . The D,,,

I<i<k
-domination problem proposed by [12] in 2006 is
similar to distance-2-domination problem, which
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may be used to solved the resource sharing problem
that are modeled by graphs. For each vertex v,

the weight of v is defined as w, (v) =3[{v}ND|
+2IN(V)ND| +|N,(v)ND| for some DcV .
D is cdled a D,,,-dominating set of graph G
if and only if for each veV(G), w,(v)=3.

The D,,, -domination number y,,,(G) of a
graph G is then the minimum cardinality among all
D,,, -dominating set of G. D is an optimal
D,,, -dominating set of G if |D|=y,,,(G).
Due to the short history, unlike the related
distance-k-domination has many results (see
[1,3-5,7-9,13,16] for k=1, and [2,6,10-11,14-15]
for k>1), D,,,-domination problem has only
been solved for a very limited class of graphs.
The D,,,-domination number is known for paths,

[17]

problem of a

cycles and a full binary tree B, [12].
discussed D,,, -domination
double-loop network DL (n;a,b) according to
different value of a,b. This paper established the
D, ,,-domination number for the composition of
two paths and a path with a cycle.

(e)

Figurel N,(a)={b,d}, N,(a)={ce f}
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[l. RESULTS
The composition (also called lexicographic

product) G[H] of two graphs G and H with
vertex set V(G)={v,[l<x<n} and V(H) =
{u, 1< x<m| respectively, is the graph with vertex
set V(G[H])=V(H)xV(G) and (u,v) is

adjacent to (u,,v,), if either v, is adjacent to v,

in G or vy=v, and u, isadjacentto u, in H.

Figure 3 shows an example of a B[PR,]. In this
paper, we will use q:{(uj,vi)|1£j£m} for
1<i<n to denote the set of vertices from i-th
columnof G[H].

O O Q

O O O
Figure 3: An example of graph PR,[P,].

Since D, ,,-domination requires every vertex
hasweight at least 3, Fact 1istrivial.

Fact 1. Let G beagraphof order n>2. Then

V321 (G)=2.

Lemma 1: Let G=P[P,] for n>10,m>6 and
D be an optima D,,, -dominating set of G.

Then in any four consecutive columns of G, there
isat least onevertexin D.

Proof: Supposeto the contrary that thereis no
vertex in D infour consecutive columns
¢,C,,C,,,C.5. Inordertohaveall vertices
vec,,Uc,, saisfy wg(v) >3, there must beat
least three verticesof D in ¢, and ¢ ,. In

this case, the best possible is using six vertices to
dominate ten columns (from ¢ , to c ).

-3

If n=11 or n=12, then we must have |D|>7, but
there exist a D, ,,-dominating set D'={(u,V,),
(g, V) (W Vg ) (U, Vs ) (W, Vi ) o (U, )} SUCh that
ID|=6<7<|D|, contradict to the fact that D is

optimal. If n>12, we discuss in following cases:
Case L |[c,;,ND|=n(n=0) , there exist a

D,,, -dominating set D'={(u,v,).(U.\,),
(ul’vi+3)’(u2’vi+3)1(u1’vi+5)} U{D- II:jS(DﬂCk)} -
since |Uy%5(DNe,)|=6, we must have |D'<|D|,
which contradict to thefact that D isoptimal.

Case 20 |c;ND|=n(n#0) and |c,,ND|=0,

there exist a D,,,-dominating set D'={(u,,v,,),
(U Via) s (U Viya) (U, Vi) o (U, s )} U{D
-UZ5(DNe,)} . since |Ui75(DNg)|=6, we
must have |D'|<|D|, which contradict to the fact

that D isoptimal.
Case 3: [{c,;.C.}ND|=0, in order to fulfill the

condition w,(v)>3 for al ve{c,,.G..}, we
cieND[=3
D,,, -dominating set D'={(u,v,).(U.\,),
(U Va2 ) (U Vs ) (Ui Vs ) (Ui a7 ) o (Ui Moo ),

(Vi )} U{D-UZ (DN Since
‘ ‘jS%s(DﬂCk)‘ZQ,wemusthave |D'|<|DJ, which
contradict to thefact that D isoptimal. [ |

must have there exist a

Lemma 2. Let D be an optimal D;..

-dominating set of G=P[P,] for m>6 and n

is even. If ¢cND=Y or ¢,ND=Y, then
ID|>n/2.
Proof: Without loss of generdity, assume

c,ND=. Consider following cases:

Case 1 |cND|=1. In order to fulfill the
condition w,(v) >3 for al vec, we must have
lc,ND|21  or ¢ND=Q@
lc;ND|>2.

ether and
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Subcase 1.1: |c,ND|=1. Assume that from c,
through c,, there are no more than two vertices in

D. Since the vertices in ¢, can not get enough

weight from those two vertices, in order to fulfill
the condition w,(v)>3 for al vec,, we must

have either |;ND|>1 or |c;ND|=2.

If |c;ND|=1, the sub graph from ¢, to c,
isthesameas G incasel.

If |c;ND|>2, then the case from ¢, to c,
isthesameas G incase?2.

If |c;ND|=2, since the vertices in c, are
distance 4 from c,, hence the vertices in ¢, can
only get weight from ¢,(1D. Since m> 6, there
must be some vertices in ¢, without enough
weight from those two verticesin c,. Henceitis
impossible  for those four vertices to
D,,,-dominate c, through c,.

If |c;ND|=y>2, assume that from ¢
through c, ., , there are no more than y+2

verticesin D. Sincethe verticesin ¢ are at

2y+3
least distance 2y-3 from c,, and y>3, the
verticesin ¢, ., can not get any weight from the

vertices in ¢ through ¢, . Then we must

have |c,,.s(D|>3, which again will bring us to
case 2.

Subcase 1.2 |c,D|=x>1. Assume that from
¢, through c,,.,,
verticesin D. Since the verticesin c,,,,
least distance 2x-1 from c,, and x>2, hence
the vertices in c,,,, can not get any weight from

the vertices in ¢ through c,,.,, then we must

there are no more than x+1
are at

have |c,,.;ND|>3, which again will bring us to
case 2.

Subcase 1.3 c,ND=@and|c,ND|=x22 .
Assume that from ¢, through c,,.,, there are no

more than x+1 vertices in D. The vertices in
C,., are a least distance 2x-2 from c,. |If

x=2, the vertices in ¢, are distance 2 from c,,
and |c,ND|=2, hence the weight of the vertices
in ¢, can only get two from the vertices in ¢
through c,. Then we must have |c,D|>1. If
lc,ND|=1, then the case from c, to c, is the
If |c,ND|>2, then the
case from ¢, to ¢, isthesameas G in case 2.
If x>3, since the vertices in c,,,, are at least
distance 2x-2 from c,, theverticesin c,,,, can
not get any weight from the verticesin ¢, through

same as G in casel.

Coen» then we must have |c,,,,ND|>3, which
again will bring us to case 2.
Case 20 |[qND|22 .
subcases:

Subcase 2.1: |c,D|=2. Assume that from ¢
through c,, there are no more than two vertices in
D. Since the verticesin ¢, are distance 2 from
c,, the vertices in ¢, can only get two weight
from the verticesin ¢ through c,, then we must
have |c;ND|21. If |ND|=1, then the case
from ¢, to c, is the same as G in casel. |If

Consider following

lc;ND|=2, then the case from ¢ to ¢, is the
sameas G incase2.

Subcase 2.2: |c,D|=x>2. Assume that from
¢, through c,, , there are no more than X
vertices in D. Since the vertices in c,,, are at
least distance 2x-2 from c;, and x>3, hence
the vertices in c,,, can not get any weight from
the verticesin ¢, through c,,. In order to fulfill
the condition w,(v) >3 for al vec,,,, we must

have |c,,,,D|>3 , then the case from c,,,, to

X+1

Cc. isthesameas G incase2.

n

By all the cases above, we know that if n iseven,
for any optimal D,,, -dominating set D of

P[P,], either (c,Uc,)ND=2,0r [D|>n/2. W
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Algorithm 1: A way to “partition” the graph
P.[P,] bytheverticesinthe D,,,-dominating set,

m

which is used in the proof of Theorem 1.
Input: Integers n, m, and a D,,,-dominating set

D with [D|<n/2 of R[R,].

Task: Find maxk, mink’ (1<k<k'<n), D,
and D, such tha D,=UTcND,|D|=%,
D, =Ul.¢ND,|D,|="5¢. Notice that if such
k exists, then for odd n, k=Kk’; and for even n,

k+1=k'.

Method:

1 k< O;x< 0;k’'<= 0;y<— 0; z= O;
2 D=9; D,=0,;

3 if(n%2=0) Z< 2,

4 dse < 1;

5 for(i=1;i<n;i++){

6 if(cND=Y ) X<— X+1;
7 else X<— x-l-2(|C, ﬂD|—1);
8 D1:D1U(qﬂD);
9 if (x=z){

10 k< i-z+1;

11 }

12 }

13 for(i=n;i>k;i--){

14 if( cND=J ) y<— y+1;

15 else y<= y-1-2(| N D|-1);
16 D,=D,U(gND)

17 if(ly=z)

18 K'<— i+z-1;

19 }

20 }

21 Returnk, D,, D,;

Theorem1: Let G=P[P,] for m>6. Then
2, 2<n<3;
73,2,1(Pn[Pm])= 5+1 n=6o0r n=10;
(4], otherwise

Proof. For 2<n<3, let D:{(ul,vl),(ul,vz)}.

Since d((ui’vl)’(uvvl))S d((ui’v3)’(ul’vl)):2
and d((ui’Vl)’(ul’vz)):d((ui’v3)!(u1'V2)):1 for
2<i<m, we have w,((U,v))= Wy ((u,v,))

=1+2=3 for 2<i<m. Similarly, for each
2<i<m, vertex (u,v,) is a distance 1 from

vertex (u,,V;) and at distance no more than 2 from

(u,v,), so we have w,((u,v,))=2+1=3 for
2<i<m. Hence D is a D,,,-dominating set
of P[R]. By Fact 1, y,,,(P,[R])=2. Next

we show the upper bound of y,,,(P[R,]) for the

rest cases:
Case 1: n>4 and n=2(mod4) .

D = {(t,Vy 1), (WY, )} U
{(Ul,v,-)lj=4i+20r4i+3,f0r0§iSL%J—l}

for  al (uk,vj)eV-D ,
Nl((uk,vj))ﬂD21 and Nz((uk,Vj))ﬂDZL we

Consider

Since vertex

have WD((ui,vj))ZB for 1<i<m and 1<j<n,
which implies D is a D,,,-dominating set of
P[P,]. Let n=k(mod4), then |D|=2|%]|+k
=[42]. Hence y,,,(RIRI) <[]

Case 22n=2(mod4). This case may be divided

into two subcases:
Subcase 2.1: n=6,10. Thesame D incase 1

will work in this case and |D|= 2|4 |+2 =
2[5]=3+1.

Subcase 22: n>14 and n=2(mod4)
Consider D:{(ul,vj)|j=4i+2 or 4i+3 for

0<i< HJ—?’}U{(Ul’anl),(Uyanz),(Ul,ans),(Uyan)
(U,,V,,_,)} as shown in figure 4. Then D isa
P[P, and |D|=
which implies  7,,,(P,[P.])

D,,, -dominating set of
2[5 )+1 =[5,
<[4].
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column

¢ N Dl

GG G4 GG GG

01 1 0|[011O0fc°-""

Repeated HJ-Z times.
Go G Gz G Gs GaGs Go Ga G

c** 0 2 01 00 1 10

Figure 4. A pattern of D,,,-dominating set for
P[P,] where n=2(mod4) and n>14.

Next we show the lower bound of
Va21(RIP.]) . First we consider the case of

n>4, andn=6,10. Suppose to the contrary that
Va21(RIRI) <[ 5]-1 .
D, ,,-dominating set D such that |D|=%-1 for
even n and |D|=[3]| for odd n.

following two cases:

Case 1. n is even. By using agorithm 1 to
“partition” the graph, we can get two consecutive
columns ¢,,c,, such tha (¢ Uc,,)ND=2 ,

‘ I:llclﬂD‘:|Dl|:% i= k+2CﬂD‘_|D2|_
nx1l  Let D,, D, be two sets produced by
algorithm 1, notice that |D,|=%! and |D,|="2%k!.

Since D, can D,,,-dominate the vertices from

Then there exists a

Consider

and

¢ to ¢,, and D, can D,,, -dominate the
vertices from ¢, to c,, to ensure that the
vertices in ¢, and ¢, can aso be
D,,,-dominated by D,UD,, one of the following
must be satisfied:
(1) |c.ND|=1 and |c,,ND|=
 le.ND|=1, ¢.,ND=@ and |g,,ND|=
(3) 6aNP=2, [6,ND|=2 and [c.,ND|=
@ (¢.Uc.,)ND=0 and

6. ND|=[c.;ND| =3

The first three conditions have either
lc.ND|=1 or |c,,ND|= Without loss of

generality, assume |c,,ND|= By Lemma 2,
ID,|>(k-1)/2 which contradict to the fact that
ID,/=(k-1)/2, soitisimpossible.

(4), since ¢, to ¢,
consecutive columns without any vertex in D,,,

-domination set, which contradict to Lemmal,
henceit is aso impossible.

Case 2. n is odd. By using agorithm 1 to
“partition” the graph, we can get one column ¢,

such that ¢ D=0, ‘UI » IﬂD‘_|Dl|_u
i= k+1c ﬂ D‘ _|D2|
-dominate the vertices from ¢ to ¢,, and D,
can D,,,-dominate the vertices from ¢, to ¢,

For are four

and

Since D, can D,,,

to ensure that the vertices in ¢, can aso be

D,,,-dominated by D,U D, , one of the following

must be satisfied:

@D |g.ND|=1,¢,,ND= and |c,., N D|=1

@ |e..ND|=1,¢,ND=Y and |c_,ND|=1

®) (¢.Ug.,)ND=J,|c.,ND|=2 and

., ND|=1

@ (c.Uc,)ND=2,
G ND[=1

5 (6.UG..)ND=2 and |c,ND[=3

6) (6.UG,)ND=g and |G, ND|=3
Condition (1) and (2) have either |c,,ND|=

r |c...MND|=1, without loss of generality, assume

6.ND|= D> (k-1)/2

which contradict to the fact that |D,|=(k-1)/2, so

itisimpossible.

Condition (3) to (6) have either |c,,ND|>2
or |c., N D|> 2, without loss of generality, assume
Cw.D|22. Consider following subcases.
Subcase 2.1: If |c,,,ND|=2, in order to fulfill the
condition w,(v)>3 for al vec,,, we must

Cw,D|=2 and

By Lemma 2,

have |(c,,;Ug.,)ND[=x21, assume that from
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C., through c,,,.,, thereare no morethan x+2
verticesin D. Since from ¢, through c,,.,.
‘(Nl(v)U N, (v))N Dz‘sl for dl vec,,,,, we
must have |c,,.s1D[>1.
subgraph from ¢, to c, must have more

n—(k+2x+5)+1
than "-(ke2c9)

By lemma 2, the

vertices in D, ,, -dominating set,

|D2| > n—(k+2x+5)+l+ X+2= n;zk

> which

hence
contradict to |D,| =2, soitisimpossible,

Subcase 2.2: If |c,,ND|=x>3, assume that
from ¢, through ¢, , there are no more than
X vertices in D . Since from ¢, through
Cozer (NL(V)UN,(V))ND, =@ for dl veg,,,,,
we must have |G,,,.,ND|=3. By lemma 2, the

subgraph from ¢,.,,., to ¢, must have more than

n—(k+2x+1)+1
2

D, |> et 4 x = ok which contradict to the

fact that |D,|="5, henceitisalsoimpossible.
Next we consider the case of n=6 .

According to the definition of D, ,,-domination, if

W, (v)=3 for al vec, then ‘UiilclﬂD‘zZ.

vertices in D, ,, -dominating set, hence

Similarly, if w,(v)>3 for al vec;, then
U.c ND|22. Hence 7., (RIP])24=5+1
For the case of n=10, according to the
definition of D,,,-domination, if w,(v)>3 for
dl vec, then ‘Uf’:lclﬂD‘zZ.
W, (v)=3 for al vec,, then ‘ ilﬂsc,ﬂD‘zz.
Consider following three cases:
Case 1 [{c,C,,¢,}ND|=3 and [{G,c;,C}ND|

Similarly, if

=2. In this case, Wvec, 3[{viND| +
2|N,(V)ND[+|N,(v)ND|<3 therefore,
Va21(PolPn]) = 6.

Case 2. [{c,c,,c;}ND[=2 and [{G;C,,Cu}ND|
=3 . In this case, Wveg 3l{viND| +
2|N,(V)ND|+|N,(v)ND|<3 therefore,

V321 ( Pol Pm]) >6.

Case 3: [{c,C,,;}ND[=2 and [{G;,G,,Cu}ND|
=2. In this case, according to the definition of
D,,, -domination, in order to have w,(v)>3

vvec, we must have |, D|<1. Similarly, in
order to have w, (v)>3 Vvec,, we must have
I;ND|<1. Therefore, Ve (c,Uc,) 3[{vjND|
+2|N, (V)N D[+|N,(v)ND|<1
Mg, N (V)= for w, (v)>3 wve(gUg),
{4161 Co C,} D[22, therefore, 75, (PolPy])

>6.

From all the cases above, we have the lower
bound of P[P,] for n>4 is the same as the
upper bound. By sandwich theorem, we proved
the theorem. [ |

Since

P[C.] changes each column of P[P]

from a path to a cycle, which does not changes the
distance between columns. Hence Corollary can
be obtained from Theory 1 directly.

Corollary 1 Let G=P[C.] for m>6. Then
2, 2<n<3
73,2,1(Pn[Cm]): 5+1, n=6or n=10;
(2], otherwise

1. Conclusion
The D,,,-domination is related to distance

-two-domination, which has many applications in
resource alocations. This paper established the
D, ,,-domination number of the composition of a

path with a path and a path with a cycle by giving
detail proofs for each case. The author expect to
study on the same problem for the composition of a
cycle with a path and a cycle with a cycle in the
near future.
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