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Abstract

In this paper, we presentanadaptiveandaccuratemotion
estimationalgorithmfor computingoptical flow from an
imagesequence.The proposedalgorithmis basedon a
regularizationformulationthat minimizesa combination
of a modified data-constraintenergy and a smoothness
measureall over the pixels in the imagedomain. Unlike
theconventionalgradient-basedopticalflow computation,
the dataconstraintusedin this paperis derivedfrom the
conservationof theLaplacian-of-Gaussian(LoG) filtered
image intensity in the temporalsequence. This modi-
fication alleviates the problemwith the brightnesscon-
stancy assumptionundernon-uniformillumination vari-
ationsdue to the useof Laplacian-of-Gaussianfilter to
remove the low-frequency portion of the additive non-
uniform illumination factor. Themodifieddataconstraint
simply replacestheimageintensityfunctionin theimage
flow constraintby theLoG filtered intensityfunction. In
addition,an adaptively weightedmembranesmoothness
constraintis employed in our regularizationframework.
The resultingenergy minimizationis accomplishedby a
incompleteCholesky preconditionedconjugategradient
algorithm.Experimentalresultson syntheticandreal im-
agesequencesfor our algorithmaregivento demonstrate
its performance.

1 Intr oduction

Imagemotionanalysisplaysa centralrole in theresearch
of computervision. Opticalflow is thecorrespondencefor
eachpixel betweentwo consecutive framesin an image
sequence.Thecomputationof opticalflow from animage
sequenceprovidesvery importantinformationfor motion
analysis,includingmoving objectdetection,objecttrack-
ing, moving objectsegmentation,andmotionrecognition.
In addition,thecomputationof opticalflow is essentialfor
thestructurefrom motion,i.e. to recover3-D structureof

objectsfrom animagesequence.
In recentyears,many techniquesfor thecomputationof

opticalflow havebeenproposedin literature.They canbe
classifiedinto gradient-based,correlation-based,energy-
based,andphase-basedmethods[2]. Amongthesemeth-
ods, the gradient-basedapproachand the correlation-
basedapproacharethetwo mostpopularones.
Thegradient-basedapproachis dependenton the image

flow constraintequation,whichis derivedfrom thebright-
nessconstancy assumptionaswell asthefirst-orderTaylor
seriesapproximation[5]. Usingtheimageflow constraint
equationaloneis insufficient to computetheopticalflow
sinceeachequationinvolvestwo differentvariables.Horn
andSchunck[5] introducedafirst ordersmoothnessmea-
sureto constraintthe flow field and solve for the flow.
Sincethesmoothnessconstraintis invalid acrossthemo-
tion boundary, Nagel[9] proposedthe“orientedsmooth-
ness”measureto suppressthe smoothnessconstraintin
thedirectionorthogonalto theboundaries.
Horn andSchunck’s variationalformulationof theopti-

cal flow problem[5] involvesminimizing a combination
of the optical flow constraintanda smoothnessterm. A
discreteversionof theenergyto beminimizedcanbewrit-
tenas���������
	 ������ ����	 ���
�� ����	 ��������� � �����	 � ������	 � �� ���	 � �� ���	 � �

(1)
Where,

���
and

�
�
form the discretizedflow vectorat the

i-th pixel,
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	 � and

� ��	 �
representthediscretized

partialsof the velocity field,
����	 �

,
�"��	 �

and
����	 �

corre-
spondto the discretizedpartialsof the intensityfunction�

at the i-th locationin the # , $ and % directions,respec-
tively. The minimizationof this discretizedenergy leads
to solvinga linearsystem&('*),+ . Thestiffnessmatrix&.-0/ �21�3�45�21
3 is symmetricpositive-definiteandhasa
sparsitystructure.
Recently, Lai and Vemuri [7] proposeda modified

gradient-basedmethodfor computingoptical flow. The
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flow constraintandacontour-basedflow constraint
are combinedin a regularizationframework to achieve
accurateoptical flow estimation. In addition,an incom-
plete Cholesky preconditionedconjugategradientalgo-
rithm wasproposedin [7] to minimizetheenergy function
of the optical flow problemvery efficiently. The incom-
pleteCholesky preconditioneris obtainedby approximat-
ing thestiffnessmatrix & viaanincompleteCholesky fac-
torization,preservesthesparsityof thematrixandleadsto
anefficientpreconditioningtechnique.
Thevariationof an intensityfunctionwith time maybe

causedby geometricor photometricchanges.Thebright-
nessconstancy assumption,which is the basis for the
derivation of the imageflow constraintin the gradient-
basedapproach,doesnot accountfor intensityvariation
due to photometricchanges. A generalizedbrightness
changemodel [10] hasbeenproposedto generalizethe
gradient-basedapproachfor the gradualtime-varying il-
lumination case. More recently, Zhanget al. [13] pre-
sentedtwo methodsfor computingthe optical flow un-
der spatio-temporalnon-uniformillumination. One is a
spatio-temporallocal optimizationmethodandthe other
is apixel-basedtemporalfiltering method.Moreover, No-
mura[11] proposedtwo generalizedgradient-basedmeth-
odsfor determiningmotionfieldsundernon-stationaryil-
lumination.A non-stationaryparameterwasintroducedin
the generalizedoptical flow constraintto accountfor the
illumination variation.
The correlation-basedapproachlocally finds the dis-

placementvector
� � ! �7� betweentwo images8�9 and 8;: at

thelocation
� # ! $ � by minimizingasumof squareddiffer-

ences(SSD)functionIn thisSSDfunction,thesummation
is performedin awindow of size

� ��< >=;�@? � ��< A=;�
cen-

teredat
� # ! $ � . Most correlation-basedmethodsperform

an extensive searchfor the displacementvector
� � ! �7� in

a finite integer-pair setandfind thepair with thesmallest
SSDvalueasthesolutiondisplacement.Sincethesearch
regionof thedisplacementvectoris discretizedfor thisex-
tensive search,theaccuracy of thecomputedopticalflow
is limited by this discretization.To obtainmorereliable
flow estimatesovertheentireimagedomain,Anandan[1]
treatedthe estimatesprovided by the matchingprocess
as the dataconstraintsfor optical flow with appropriate
confidencemeasure,andincorporateda smoothnesscon-
straintontheopticalflow. Insteadof applyingsmoothness
constraintsontheopticalflow, SzeliskiandCoughlan[12]
usedatwo-dimensionalsplinemodelto representtheflow
field andminimizedthefollowing SSDfunction�B� ' � ) 1�C2D :

1� � D : E 8 : �GF H� � C !�I H� � C �KJ 8 9 �GF !�I �MLN� (2)

wherethevector ' is theconcatenationof theflow com-
ponents

��� C and

�
� C . A modifiedLevenberg-Marquardtal-

gorithmwasthenemployedto solve this non-convex op-
timization problem. They reportedvery accurateresults
usingthismethod.The2-D splinemodelsfor opticalflow
field assumetheflow field to bewell-approximatedby the
2-D splinebasisfunctionsin thepatchesof a presetsize.
In this paper, we usethe standardfinite differencedis-

cretizationon theflow field andtakeamodifiedflow con-
straintasthedataconstraintenergy in anadaptiveregular-
ization framework. We employ an incompleteCholesky
preconditionedconjugategradientalgorithmin conjunc-
tion with a coarse-to-finestrategy to efficiently minimize
the total energy function. Experimentalresultson the
standardsyntheticimagesequenceusing our algorithm
comparefavorably to thebestexisting resultsreportedin
literature. The proposedalgorithmcomputesdenseopti-
calflow estimatesfrom animagesequenceandallowsfor
themotiondiscontinuitiesto beincorporated.
The remainderof this paperis organizedasfollows. In

the next section,we presentthe modified regularization
formulationfor optical flow computationfrom an image
sequence.A numericalsolution to the associatedopti-
mizationproblemis proposedin section3. Experimental
resultsfor real imagesequencesarepresentedin section
4. Finally, weconcludein section5.

2 A Modified Regularization For-
mulation

In this section,we presenta new regularizationformula-
tion thatalleviatestheerrorsin theimageflow constraint
dueto spatially-varyingilluminationchangesfor accurate
optical flow computation. In addition to the geometric
transformation(opticalflow field), we introducetwo new
photometricfunctions, namely, illumination multiplica-
tion andillumination biasfunctions.Thefollowing equa-
tion is amodificationof thebrightnessconstancy assump-
tion usedin thetraditionalSSDapproach8 � # � O� � ! $ � �� � ! % �P % �) Q � # � ! $ � ! % � 8 � # � ! $ � ! % �RHS � # � ! $ � ! % � (3)

Theilluminationmultiplicationfunction Q � # ! $ ! % � andthe
illumination bias function

S � # ! $ ! % � are assumedto be
smoothfunctionsof the spatialcoordinates. By taking
theLaplacianoperatorT �

on bothsidesof theequation,
we canignorethetermsassociatedwith theLaplacianofQ � # � ! $ � ! % � and

S � # � ! $ � ! % � , thusleadingto thefollowing
equationT � 8 � # �UV��� ! $ �W��
� ! % BX % � )YQ � # � ! $ � ! % � T � 8�9 � # � ! $ � ! % �

(4)
If we neglect thefactor Q � # ! $ ! % � in theTaylor seriesex-
pansionof theabove equation,thenwe have thenew op-
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flow constraintequationasfollows� T � 8 � � �[ � T � 8 � � �\ � T � 8 � � )^] (5)

Note that the proposednew optical constraintgiven in
equation5 involvesthenumericalapproximationof third-
orderpartialderivativesof theimageintensityfunction 8 .
In fact,thenumericalcomputationof higher-orderdiffer-
entiationis very sensitive to noise.To alleviate thenoise
effect in thenumericalapproximation,we proposeto use
aGaussianconvolution in conjunctionwith theLaplacian
operatorin the above constraintto achieve more robust
performance. Thus, the Laplacianoperatorin the con-
straintis replacedby a Laplacianof Gaussian(LoG) op-
erator. Thenew equationis givenasfollows�2� T �;_`� 8 � � �� �2� T �U_`� 8 � � �a �b� T �U_`� 8 � � )Y] (6)

where

_
is a Gaussiansmoothingoperatorand T � _

is a
Laplacianof Gaussianoperator. This dataconstraintcan
befurthermodifiedby usingthenormalizeddifferencein-
steadof theabsolutedifferenceby usingaweightingfunc-
tion c � for thenew constraintat thelocation

� # � ! $ ��� . This
weightingfunctionis givenbyc � ) =d �2� T � _`� 8 � ���	 �  �b� T � _`� 8 � ���	 � He

(7)

where

e
is a constantusedto avoid the error amplifica-

tion at the locations with
very small gradients,

�2� T � _`� 8 � ��	 � = �b� T � _`� 8 � ��� # � ! $ ���
and

�b� T � _`� 8 � ��	 � = �b� T � _`� 8 � ��� # � ! $ ��� . The above nor-
malization is used to approximatethe minimum dis-
tancebetweenthe point

� � � ! � � � andthe constraintplane�b� T � _`� 8 � �
	 � � �  �2� T � _`� 8 � ��	 � � �  �b� T � _`� 8 � ��	 � )f] by
thenormalizeddistance.This leadsto a weightedoptical
flow constraintwith the weight for eachdataconstraint
determinedby theabovenormalizationfactor.
Incorporatingtheabove new opticalflow constraintinto

theregularizationformulation,we obtainthetotal energy
functiong � ' � ) ��ih�j c �k?l �b� T � _`� 8 � �
	 � � �  �b� T � _`� 8 � ��	 � � �  �2� T � _`� 8 � ��	 �2m;� � � �����	 � O�����	 � H�n��
	 � O� ���	 � �

(8)

whereo is thesetof all pointsin theimagedomain.Note
theenergy functionto beminimizedis quadraticandcon-
vex. This energy minimizationcanbe accomplishedby
solving a symmetricpositive definite (SPD) linear sys-
tem. We usea preconditionedconjugategradientmethod
[4] with the incompleteCholesky preconditioningto ef-
ficiently minimize this energy function in equation8. In
addition,a coarse-to-finestrategy canbeemployedto ac-
count for large-displacementproblemsandto accelerate
theconvergencerateof thepreconditionedCGalgorithm.

3 PreconditionedConjugate Gradi-
ent Algorithm

Theminimizationof the above energy leadsto solving a
linear systemof equations&('p),+ where the stiffness
matrix &q->/ �r1
3s47�r1
3 is symmetricpositive-definiteand
it hasthefollowing

� ? �
blockstructure.&t)vu � &�w  x �;� x �;�x �;� � & w  x �W�Hy ! (9)

where& w -(/ 1�3;471�3 is thediscrete2-D Laplacianmatrix
fromthemembranesmoothnessconstraint,

x �;�
,

x �;�
, andx �W�

areall z � ? z � diagonalmatriceswith entries8 ��
	 � { ���	 �
, 8 �
	 � 8 ��	 �b { ��	 � { ��	 �

and 8 ���	 �  { ���	 �
, respectively. Note

that the valuesof 8 ��	 � and 8 ��	 � aresetto zeroswhenthe
imageflow constraintis disabledat the i-th locationdue
to reliability measuretest. Similarly, the valuesof

{ ��	 �
and

{ ��	 �
aresetto zeroswhenthecontourflow constraint

is notusedat thei-th location.
To solve this linear systemfor optical flow estimation,

we usethe preconditionedconjugategradientalgorithm
[4] with anincompleteCholesky preconditioner| [8, 3],
givenin thefollowing.

1. Initialize '@9 ; compute}�9\)^+ J &('~9 ; < ),] .
2. Solve |��n�`)�}
� ; < ) < ,=

.

3. If
< ) =

, �K:[)��
9 ; elsecompute

S j� )�}s��;� � �n�;� � ,S �a)��n����n��n�� , andupdate����)^�n�;��: OS ���K�;��: .
4. Compute Q��� )�}s��;�R: �n�;��: , Q j � )����� &��K� , andQ � )^Q����� Q j � ;

5. Update} � ),} �;��: J Q � &�� � , ' � ),' ����:  Q � � � .
6. If } �a�Y� , stop;elsego to step2.

TheincompleteCholesky preconditioninghasbeensuc-
cessfullyappliedin thegradient-basedapproachfor com-
putingopticalflow to efficiently solvethelargeandsparse
linearsystemwith thespeciallystructuredstiffnessmatrix
[7, 6]. This preconditioneris very efficient sincethe in-
completeCholesky decompositionwasperformedto ap-
proximatethelargeandsparsestiffnessmatrixby exploit-
ing its specialstructure. This preconditioningtechnique
is usedin conjunctionwith the conjugategradientalgo-
rithm to minimize the energy function given in equation
8. With this preconditioning,theconvergenceof thecon-
jugategradientalgorithmcanbespeededupdramatically.
The preconditioner | is chosen as the incomplete

Cholesky factorizationof the matrix & . A goodprecon-
ditionercandrasticallyacceleratetheconvergencerateof
the conjugategradientalgorithm. Therearetwo criteria
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designinga goodpreconditioner| for the matrix & .
First, the preconditioner| hasto be a goodapproxima-
tion to & so that the conditionnumberof the precondi-
tioned linear systemis dramaticallyreduced. Secondly,
theremustexist avery fastnumericalmethodto solve the
auxiliary linearsystem|���)^} requiredin theprecondi-
tionedCG algorithm. Taking thesetwo criteria into con-
sideration,a goodpreconditionerfor the above stiffness
matrix & of theopticalflow problemcanbeobtainedvia
theincompleteCholesky factorizationof & .
The standardCholesky factorizationof the sparsema-

trix & “fills in” entriesin thebandbetweennonzerooff-
diagonals,which meansthesparsitystructurewill bede-
stroyed after the factorization. The idea of incomplete
Cholesky factorizationis to find anapproximateCholesky
factorizationof thematrix & , i.e. &��Y��� � , suchthatthe
lower triangularmatrix � hasthe similar sparsitystruc-
ture. In addition,the product ��� � at the locationswith
nonzeroentriesin � or � � still hasthe samevaluesas
thosein & . Therefore,thepreconditioner|¡)^� � � is a
goodapproximationto & . Sincethe matrix & is sparse
andwell-structured,thematrix � is alsosparseandwell-
structured.Thus,thesolutionto theauxiliary linearsys-
tem |���)^} in the preconditioningstepof the precondi-
tionedconjugategradientalgorithmcanbe obtainedvia
forwardandbackwardsubstitutionsvery efficiently. Fur-
thermore,we usetheblock version[4] of the incomplete
Cholesky factorizationto takeadvantageof the

� ? �
block

structureof thematrix & .
Thematrix & in equation9 hasdiagonalblocks

� & w x �U�
and

� &�w  x �W�
, eachof which is block tridiago-

nal. Theoff-diagonalelementsof & arediagonalblocks,
each of which is a diagonal matrix. In addition, the
off-diagonalelementsof the block tridiagonalmatrices� &�w  x �;�

and
� &�w  x �W�

arediagonal. The factor-
ing matrix in the incompleteCholesky factorizationhas
thesimilar sparsestructureasthatof & andtakesthefol-
lowing form. �¢)£u �¤:r: �� � :¥� �r� ! y (10)

where the sub-matrices�¦:2: , � � : and � �r� are of sizez � ? z � . Our incompleteCholesky factorizationis based
ontheconstructionof anincompleteblockpreconditioner
in [4]. The sub-matrices� :r: , � �r� and ���� : are chosen
to be block lower bidiagonalmatriceswith the diago-
nal blocksbeinglower bidiagonalandthelower diagonal
blocksbeingupperbidiagonal,i.e., thematrices� :2: , � �2�
and � � : have thefollowing structures,

� � C )
§¨¨¨¨©(ªp« :�¬� C « :�¬� C ª « � ¬� C. . .

. . . « 1 ��:b¬� C ª « 1 ¬� C
®°¯¯¯¯± ! (11)

for
�GF !�I � - l � = ! =;� ! � � ! � � m , and

� � : )
§¨¨¨¨¨© ª « :�¬� : �  « :�¬� : �ª « � ¬� : � . . .

. . .
 « 1 �R:�¬� : �ª « 1 ¬� : �

® ¯¯¯¯¯± ! (12)

where

ª « ��¬� C )
§¨¨¨¨© Q « ��¬� C 	 :S « �W¬� C 	 : Q « ��¬� C 	 �. . .

. . .S « ��¬� C 	 1 �R: Q « ��¬� C 	 1
® ¯¯¯¯± -�/ 1�471 !

 « ��¬� C )
§¨¨¨¨¨©³² « ��¬

� C 	 : P « ��¬� C 	 :² « ��¬
� C 	 � . . .

. . .

P « ��¬� C 	 1 ��:² « ��¬
� C 	 1

® ¯¯¯¯¯± -(/ 1´471 !
for

< ) = !Uµ�µ�µ�! z . Thenonzeroentriesin the sparsema-
trix � arecomputedby equatingthe entriesof the prod-
uct ��� � to thosein the matrix & at the locationswith
nonzeroentriesin � . Thus, the nonzeroentriesin �¦:2: ,� � : and � �2� aregivenin [7, 6].
The incompleteCholesky factorizationof the matrix &

givenabovecanbecomputedin ¶ ��· �
operations,where·�� )¸z � � is the numberof discretizationpoints. After

thefactorization,thepreconditioner| is chosenas � � � ,
whichis closeto & andhasanicestructure.Thus,thepre-
conditionedconjugategradientalgorithmrequires¶ �i· �
operationsin eachiteration.
TheincompleteCholesky preconditioninghasbeenused

to greatly improve the convergencespeedof the conju-
gategradientalgorithmfor the optical flow computation
problem[7]. In addition,it is very efficient sinceit only
requires¶ �i· �

operationsin eachiteration.

4 Experimental Results

In this section,we presentresultsof testingtheproposed
modifiedregularizationalgorithmon a variety imagese-
quences.Unlikesomeothermethodswhichonly produce
sparseopticalflow, theproposedalgorithmgivedenseop-
tical flow estimateswith

= ]�]n¹ density. The experimen-
tal resultsof usingtheproposedregularizationmethodon
two syntheticandtwo realimagesequencesarepresented
here.Thetwo syntheticimagesequencesaretheTranslat-
ingTreeandtheYosemiteimagesequences.Ourresultson
thesetwo examplesarecomparedto thebestopticalflow
estimatesreportedin literature.



(a)

(b)
Figure 1: (a) One frame from the TranslatingTree se-
quenceand(b) the computedoptical flow usingthe pro-
posedalgorithm.

In our implementation,a coarse-to-finestrategy is com-
bined with the preconditionedconjugategradientalgo-
rithm to find the minimum energy solution. Threereso-
lutionsareusedin thecoarse-to-finestrategy and20 iter-
ationsof thepreconditionedconjugategradientalgorithm
arecomputedfor eachresolution.By usingthecoarse-to-
fine strategy, we candealwith large displacementprob-
lemswith betterconvergencepropertyduringthesolution
search.Theregularizationparameter

�
is empiricallycho-

sento be ] µ º for theimplementationof theproposedreg-
ularizationmethod. The resultsare quite stablefor the
regularizationparameterin the rangebetween0.1 and1.
Theconstant

e
in thenormalizationfactorwassetto 0.01

for all theexperimentspresentedin thispaper.
For the translatingtree example, eachframe contains

more complicatedhighly textured regions, which result
in multiple local minima in the associatedenergy func-
tion to beminimized.Oneframeof theimagesequenceis
shown in Fig. 1(a).Thecomputedopticalflow is shown in
Fig. 1(b). Our proposedregularizationmethodcompares
favorablyto thebestexisting methodsin this example.

Technique Avg. Error Std. Density
Horn& Schunck
(modified)

� µ ] ��» � µ �½¼�» = ]�]n¹
Urasetal. ] µ ¾ ��» ] µ¿º �½» = ]�]n¹
Szeliski& Coughlan ] µ Ànº » ] µ À
Á » = ]�]n¹

Lucas& Kanade
(
� �aÂ º7µ ] ) ] µ º�¾ » ] µ¿º
Ã » = À�µ = ¹

Weber& Malik ] µ ÁnÄ » ] µ À½º » Ä�¾�µ Ã ¹
Fleet& Jepson ] µ � À » ] µ = Ä » Á½Ä�µ ¼ ¹
Lai ] µ Ànº » ] µ À ] » = ]�]n¹

Table1: Summaryof TranslatingTreeresults

We alsotestedour algorithmon the Yosemitesequence.
We comparedour modified regularizationmethodwith
the other methodsfor the Yosemitesequence. Three
frames of the sequenceand the correct flow field are
shown in Figure2. Fromtheimages,we canobserve the
imageintensityvariationsin sky region of the sequence
involvenon-uniformilluminationchanges,i.e. thebright-
nessconstancy assumptionis not valid in this case.Sev-
eral previous methodshave reportedresultson this se-
quenceignoring the sky region. A summaryof the re-
portedresultsincluding the resultusingthe proposedal-
gorithmis givenin Table2 for comparison.Thesign“*”
followed by a methodindicatesthat the error wascom-
putedwithout thesky region. It is obviousthatour mod-
ified regularizationmethodcomparefavorablyto thebest
existingmethodsin this example.
In additionto theaboveaccuracy comparison,we depict

thecomputedopticalflow fieldsusingtheproposedalgo-



(a)

(b)

(c)

(d)
Figure2: The(a) 6-th, (b) 9-th and(c) 12-thframesfrom
theYosemiteimagesequenceand(b) thetrueopticalflow
field.

Technique Avg. Error Std. Density
Horn & Schunck
(modified)

Ä�µ ¼ Ã » = ¾�µ = Ä » = ]�] ¹
Uraset al. Ã�µ Ä�Á » = º5µ ¾ = » = ]�] ¹
Black & AnandanÅ Á´µ Án¾ » Á�µ � = » = ]�] ¹
Szeliski& CoughlanÅ � µ Á º » À5µ ] º » = ]�] ¹
Black & JepsonÅ � µ � Ä » � µ � º » = ]�] ¹
Juet al.Å � µ = ¾ » � µ ] » = ]�] ¹
Lai & Vemuri Å = µ Ä½Ä » = µ Á = » = ]�] ¹
Lai & Vemuri

¼ µ Ã = » = Á´µ º ¼
» = ]�] ¹
Zhanget al. º5µ º�Ä » =�= µ � Á » = ]�] ¹
Lai Å � µ ] º » = µ ¾ = » = ]�] ¹
Lai º5µ = Ä » Ä5µ �½¼�» = ]�] ¹

Table2: Summaryof Yosemiteresults

rithm anda previous improvedgradient-basedalgorithm
[7] in Figure 3 to demonstratethe performanceof the
proposedalgorithmundernon-uniformillumination vari-
ations.Fromthefigure,wecanseethepreviousgradient-
basedmethodsuffers from the non-uniformillumination
variationsin thesky region,while theproposedalgorithm
basedon theconservationof theLoG filter intensitypro-
ducedaccurateestimationall over theimagedomain.
Finally, theproposedregularizationmethodwasapplied

to a real imagesequencesnamelythe Hamburg Taxi se-
quence. Figure4 depictsthe experimentalresult on the
Hamburg Taxi sequence.

5 Conclusion

In this paper, we presenteda new modified regulariza-
tion methodfor computingoptical flow from an image
sequence.We derived a new flow constraintbasedon a
generalizedbrightnessassumptionandby takingaLapla-
cian of Gaussianoperationon the image. Thenthe new
flow constraintis appropriatelynormalizedandcombined
with themembranesmoothnessin a regularizationframe-
work. Theresultingenergy functionis quadraticandcon-
vex. The incompleteCholesky preconditionedconjugate
gradientalgorithmwasemployedto minimizethisenergy
function. We have obtainedvery accurateresultsby ap-
plying this algorithmto computeoptical flow for several
imagesequences.Also, we have experimentallydemon-
stratedthat our algorithmsfor optical flow computation
comparefavorably to all the best existing methodsre-
portedto datein literature.Thefuturework will focuson
extendingtheregularizationframework presentedhereto
allow for motiondiscontinuityby modifying thesmooth-
nessassumptionto adaptivesmoothing.



(a)

(b)

(c)

(d)
Figure3: The computedoptical flow fields using(a) the
modified Horn and Schunck’s methodand (b) the pro-
posedregularizationmethodfor the Yosemiteimagese-
quence. The optical flows overlaid on the image are
shown in (c) and(d), respectively.

(a)

(b)

Figure4: (a)Oneframefrom theHamburg Taxi sequence.
(b) Computedoptical flow using the proposedmodified
regularizationmethodafter50 iterationsof theprecondi-
tionedconjugategradientalgorithms.
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