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7KXV WKH IXOO VHDUFK 94 QHHGV WR SHUIRUP N1

PXOWLSOLFDWLRQV� ��N���1 DGGWLRQV DQG 1��
FRPSDULVRQV IRU HQFRGLQJ HDFK LQSXW YHFWRU� ,Q

RUGHU WR UHOHDVH WKH FRPSXWDWLRQ ORDG RI WKH IXOO
VHDUFK DOJRULWKP� D ORW RI HIILFLHQW DOJRULWKPV

KDYH EHHQ SUHVHQWHG IRU IDVW FRGHZRUG VHDUFK�
7KH 3'6 DOJRULWKP >�@ LV D VLPSOH DQG HIILFLHQW

DOJRULWKP� ZKLFK DOORZV HDUO\ WHUPLQDWLRQ RI WKH
GLVWRUWLRQ FDOFXODWLRQ EHWZHHQ D WUDLQLQJ YHFWRU

DQG D FRGHZRUG E\ LQWURGXFLQJ D SUHPDWXUH H[LW
FRQGLWLRQ LQ WKH VHDUFK SURFHVV� 7KH K\SHUFXEH

DSSURDFK >�@ LV D ZHOO NQRZ SUHPDWXUH PHWKRG
ZKLFK LV HIILFLHQW LI WKH GLIIHUHQFH IRU DQ\

FRHIILFLHQW LV JHQHUDOO\ ODUJHU WKDQ WKH GLIIHUHQFH
RI WKH RWKHU FRHIILFLHQW�

9LGDO SURSRVHG WKH DSSUR[LPDWLQJ DQG
HOLPLQDWLRQ VHDUFK DOJRULWKP �$(6$� >�@ ZKRVH

FRPSXWDWLRQ WLPH LV DSSUR[LPDWHO\ FRQVWDQW IRU D
FRGHZRUG VHDUFK LQ D ODUJH FRGHERRN VL]H� 7KH

KLJK FRUUHODWLRQ FKDUDFWHULVWLFV EHWZHHQ GDWD
YHFWRUV RI DGMDFHQW VSHHFK IUDPHV DQG WKH

WULDQJXODU LQHTXDOLW\ HOLPLQDWLRQ �7,(� FULWHULRQ
ZHUH XWLOL]HG WR 94�EDVHG UHFRJQLWLRQ RI

LVRODWHG ZRUGV >�@� $ VLPLODU LGHD ZDV DOVR
HPSOR\HG IRU 94 LPDJH FRGLQJ E\ +XDQJ DQG
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7KH ERXQG IRU 0LQNRZVNL PHWULF DQG TXDGUDWLF
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VHDUFK >�@� 7KH SDUWLDO GLVWRUWLRQ VHDUFK
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XQPDWFKHG FRGHZRUGV WKDQ WKH PHDQ S\UDPLG
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WKH FRPSDULVRQ RI VHYHUDO DOJRULWKPV DUH
SUHVHQWHG LQ 6HFWLRQ �� 7KH FRQFOXVLRQV DUH

PDGH LQ WKH ILQDO VHFWLRQ�

��'HULYDWLRQ 2I 1HZ ,QHTXDOLW\

/HW +
Q
EH WKH

QQ

�� × +DGDPDUG VTXDUH PDWUL[

ZLWK HOHPHQWV LQ WKH VHW ^����`� $VVXPH DOO RI

WKH IROORZLQJ YHFWRUV DUH N�GLPHQVLRQDO YHFWRUV

DQG QN �= �Q!��� VRPH EDVLF GHILQLWLRQV DQG

IDFWV FDQ EH VKRZQ DV IROORZV�

�L� 'HILQLWLRQ ��









−
=

��

��
�

+ DQG








−
=+

QQ

QQ

�Q

++

++
+ �

�LL� 7KHRUHP ��
NQQ
,++ N= � ZKHUH ,N LV WKH

XQLW LGHQWLW\ PDWUL[ RI RUGHU N�

�LLL� 'HILQLWLRQ �� 7KH +DGDPDUG�WUDQVIRUPHG

YHFWRU ;
&

RI WKH YHFWRU [
&

FDQ EH GHILQHG DV

[;
&

&

Q
+= �

�LY� 'HILQLWLRQ �� 7KH VXP RI WKH YHFWRU [

&

LV

GHILQHG DV ∑
=

=
N

L

L[
[6

�

DQG WKH HQHUJ\ RI WKH

YHFWRU [

&

LV GHILQHG DV ∑
=

=
N

L

L
[[

�

�&

�Y� 7KHRUHP �� ;
�
 6

[
� :KHUH ;

�
LV WKH ILUVW

HOHPHQW RI ;

&

� 7KLV HTXDWLRQ FDQ EH GHULYHG

IURP WKH IDFW WKDW HDFK HOHPHQW LQ WKH ILUVW
OLQH RI +

Q
LV ZLWK WKH VDPH YDOXH ¨�©�

�YL� 7KHRUHP �� [N;
&

&

= �

3URRI� ���� [+[+;;;
Q

7

Q

7 &&

&&&

==

[N[[++[
7

QQ

7
&&&&

N
,==

[N[[N
7

&&& == �

:KHUH 7 GHQRWHV WKH WUDQVSRVLWLRQ RSHUDWLRQ�

�YL� 7KHRUHP �� ������ MM
\[N'<;'
&&

&&

= � :KHUH

M\
&

LV D FRGHZRUG DQG [

&

LV WKH LQSXW YHFWRU�

3URRI� /HW ]\[
M &&& =− DQG ]+=

Q

&

&

= � 7KHQ

��� M\[']
&&& = DQG ���

M
<;'=
&&&

= �

7KHUHIRUH� LW IROORZV IURP 7KHRUHP � WKDW

������ MM
\[N']N=<;'
&&&

&&&

=== �

�YLL� &RUROODU\ ��

������
��

MMM
\[N'<;'<;
&&

&&

=<−

�� 3URSRVHG $OJRULWKP

1RZ� VXSSRVH WKHUH DUH 1 FRGHZRUGV LQ WKH

FRGHERRN &� �
\
&

�

�
\
&

���

1
\
&

� HDFK RQH ZLWK

GLPHQVLRQ
QN �= � /HW [

&

EH WKH LQSXW YHFWRU

ZLWK WKH VDPH GLPHQVLRQ DV WKHVH FRGHZRUGV�



)URP 7KHRUHP �� ZH NQRZ WKDW WKH FRGHZRUG
WKDW LV FORVHVW WR WKH LQSXW YHFWRU LQ WKH VSDWLDO

GRPDLQ LV DOVR FORVHVW WR WKH LQSXW YHFWRU LQ WKH
+7 GRPDLQ� 7KHUHIRUH ZH FDQ ILQG WKH

FRUUHVSRQGLQJ EHVW FRGHZRUG LQ WKH VSDWLDO
GRPDLQ E\ VHDUFKLQJ WKH EHVW FRGHZRUG LQ WKH

+7 GRPDLQ� /HW ��� MP
<;'
&&

∑ =
−= P

L

M

LL
<;

�

���

GHQRWH WKH SDUWLDO GLVWDQFH EHWZHHQ ;

&

DQG
M

<
&

�

ZKHUH NP ≤≤� %HIRUH WKH VHDUFK SURFHVV� WKH

+7 LV SHUIRUPHG RQ DOO FRGHZRUGV LQ WKH
FRGHERRN� DQG WKHQ WKH WUDQVIRUPHG FRGHZRUGV

DUH VRUW LQ WKH DVFHQGLQJ RUGHU RI WKHLU ILUVW
HOHPHQWV� 1RWH WKDW QR PXOWLSOLFDWLRQ LV UHTXLUHG

IRU WKH +7�

7R FDUU\ RXW WKH FRGHZRUG VHDUFK LQ WKH +7
GRPDLQ� ZH ILUVW SHUIRUP WKH +7 RQ WKH LQSXW

YHFWRU [

&

WR REWDLQ ;

&

� DQG LQLWLDOL]H WKH FXUUHQW

FORVHVW FRGHZRUG RI ;

&

WR EH
S

<

&

� ZKHUH

__PLQDUJ
��

M

M <;S −= � DQG VHW WKH FXUUHQW

PLQLPXP GLVWRUWLRQ '
PLQ

WR EH '� ;
&

�
S

<

&

�� 7KHQ�

ZH SHUIRUP WKH FRGHZRUG VHDUFK LQ WKH RUGHU DV

VKRZQ LQ )LJ��� DQG VHW 0,1680 
PLQ�

'; − �

0$;680 
PLQ�

'; + � )RU HDFK FRGHZRUG

M
<

&

WR EH VHDUFKHG� LI
M

<
�
!0$;680 RU

M
<

�
�0,1680� WKHQ LW IROORZV IURP &RUROODU\ �

WKDW
PLQ��

'<;
M >− � +HQFH

M
<

&

LV QRW WKH

FORVHVW FRGHZRUG WR ;

&

DQG FDQ EH UHMHFWHG�
2WKHUZLVH� ZH SHUIRUP WKH IROORZLQJ 3'6

SURFHVV� 6WDUWLQJ IURP P �� IRU HDFK YDOXH RI P�

P �����N� ZH ILUVW HYDOXDWH ��� MP
<;'
&&

� ,I

��� MP
<;'
&&

!'
PLQ

� WKHQ
M

<

&

FDQ EH UHMHFWHG�

2WKHUZLVH� ZH JR WR QH[W YDOXH RI P DQG UHSHDW

WKH VDPH SURFHVV� 7KLV 3'6 SURFHVV LV UHSHDWHG

XQWLO
M

<

&

LV UHMHFWHG RU P UHDFKHV N� ,I P N� WKHQ

ZH FRPSDUH ��� M
<;'
&&

ZLWK '
PLQ

� ,I

��� M
<;'
&&

�'
PLQ

� WKHQ '
PLQ

LV UHSODFHG E\

��� M
<;'
&&

DQG WKH FXUUHQW FORVHVW FRGHZRUG RI

;

&

LV VHW WR EH
M

<

&

� 0$;680 DQG 0,1680
DUH DOVR UHFRPSXWHG� $V VKRZQ LQ )LJ��� WKH

VHDUFK SURFHVV FDQ EH VWRSSHG LQ WKH GRZQ

GLUHFWLRQ RQFH M
<

�
�0,1680 DQG VWRSSHG LQ

WKH XS GLUHFWLRQ RQFH M
<

�
!0$;680� $IWHU WKH

EHVW FRGHZRUG RI ;

&

LQ WKH WUDQVIRUPHG GRPDLQ

LV IRXQG� WKH FRUUHVSRQGLQJ FRGHZRUG RI [
&

LQ

WKH VSDWLDO GRPDLQ LV DOVR IRXQG DQG N'
PLQ

LV

WKH FRUUHVSRQGLQJ GLVWDQFH DFFRUGLQJ WR

7KHRUHP ��

�� ([SHULPHQWDO 5HVXOWV

:H SHUIRUPHG H[SHULPHQWV RQ 3HQWLXP�,, 3&

XVLQJ IRXU ��� j ��� PRQRFKURPH LPDJHV

¨/HQD©� ¨6RQLF©� ¨3HSSHUV© DQG ¨)��© ZLWK ���
JUD\ VFDOHV� (DFK LPDJH ZDV GLYLGHG LQWR EORFNV

ZLWK VL]H �j � ��� 7KH FRGHERRN ZDV GHVLJQHG

XVLQJ /%* DOJRULWKP >�@ ZLWK WKH /HQD LPDJH DV
WKH WUDLQLQJ VHW� 7KH RWKHU WKUHH LPDJHV ZHUH

XVHG WR WHVW WKH HIIHFWLYHQHVV RI WKH DOJRULWKPV�

7KH SURSRVHG DOJRULWKP ZDV FRPSDUHG WR 3'6�
(116� ,(116 DQG :73'6 DOJRULWKPV LQ WHUPV

RI WKH DYHUDJH &38 WLPH SHU LPDJH DQG WKH
DULWKPHWLF FRPSOH[LW\ �WKH DYHUDJH QXPEHU RI
GLVWDQFH FDOFXODWLRQV SHU LQSXW YHFWRU� IRU

GLIIHUHQW FRGHERRN VL]HV DV VKRZQ LQ 7DEOH ��
)RU FRGHERRN VL]H ���� WKH SURSRVHG DOJRULWKP

QHHGV RQO\ DERXW �� RI GLVWDQFH FDOFXODWLRQV
UHTXLUHG E\ WKH IXOO VHDUFK DOJRULWKP�

�� &RQFOXVLRQV

7KH PDLQ FRQWULEXWLRQ RI WKLV SDSHU LV WR GHULYH D

QHZ LQHTXDOLW\ EDVHG RQ WKH +DGDPDUG WUDQVIRUP�

$ IDVW 94 HQFRGLQJ DOJRULWKP EDVHG RQ WKLV QHZ

LQHTXDOLW\ LV DSSOLHG IRU 94 FRGHZRUG VHDUFK�

3UHOLPLQDU\ H[SHULPHQWV GHPRQVWUDWH WKDW WKH
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